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Abstract

In modern sequential Monte Carlo (SMC) applications, such as diffusion model
samplers, propagating a particle is expensive, so only a few particles can be afforded.
In this regime, each resampling step decides which regions of the state space survive, so
a better resampling scheme is worth extra computation. However, classical resampling
methods only replicate existing particles and suffer from sample impoverishment,
especially when the particle size is small relative to the dimension. To create new
particles, we relax the unbiasedness of resampling and control the mean squared error
via a Wasserstein criterion. Specifically, we propose Wasserstein-Dirichlet resampling
(WDR), which constructs an equal-weight measure that optimally approximates the
weighted particle distribution by solving a free-support Wasserstein barycenter problem.
We then randomize the resulting optimal coupling by Dirichlet mixing. Theoretically,
we provide non-asymptotic mean squared error bounds that quantify the bias-variance
trade-off and show that the rate depends on the intrinsic dimension. A truncated
variant preserves high-weight particles while applying WDR to the remaining mass,
targeting mild weight degeneracy. Experiments on state-space models and conditional
image generation demonstrate that WDR consistently improves estimation accuracy,
stability, and sample diversity. The improvements persist at matched wall-clock cost
when the propagation cost dominates.
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1 Introduction

Resampling is a fundamental operation that transforms a weighted sample {(X;, W;)}",
with 37, W; = 1 into an equally weighted collection {X i}7%y. The goal is to ensure that

the two discrete distributions are close in some sense, i.e.,

where 9, denotes the Dirac measure at . Resampling plays an important role in a
wide range of statistical applications, such as survey sampling (Rao & Wu 1988), causal
inference (Morgan & Rubin 2012), and missing data imputation (Rubin 1996). This work
focuses on resampling within sequential Monte Carlo (SMC) methods, also known as particle
filters, which have emerged as a powerful computational framework for Bayesian inference

in dynamical systems (Liu & Chen 1998).

1.1 Background and problem formulation

Sequential Monte Carlo algorithms recursively approximate a sequence of target distributions
by maintaining a particle system and updating it through propagation, weighting, and
resampling (Doucet & Johansen 2011). Resampling mitigates the progressive concentration of
importance weights, known as weight degeneracy (Liu & Chen 1995). Without resampling,
the weights become increasingly concentrated on a few particles as iterations proceed,
rendering most particles ineffective for downstream estimation and wasting computational

resources.

In modern SMC applications, propagating each particle can require substantial time or
memory. For example, in diffusion model samplers, every propagation step requires a neural
network forward pass for each particle (Wu et al. 2023); in scientific filtering problems, the
latent dynamics must be numerically integrated between observation times (van Leeuwen

et al. 2019). The number of particles m that can be used is thus severely limited, while



Weighted particles Multinomial resampling Proposed resampling

Figure 1: Left: weighted particles (n = 100) before resampling; marker size is proportional to

importance weight, and contour lines depict the target density. Middle: equally weighted particles
(m = 30) produced by multinomial resampling happen to be all located around the dominant
high-weight region. Right: particles (m = 30) produced by the proposed free-support resampling
are allowed to relocate, yielding a more spatially dispersed set.

the number required to avoid weight collapse grows exponentially with the effective dimen-

sion (Snyder et al. 2008, Bengtsson et al. 2008). With so few particles, it is critical to handle

resampling properly.

Various resampling schemes have been developed in the SMC literature. The most straight-
forward is multinomial resampling (Gordon et al. 1993), which draws particle indices
independently from the categorical distribution with probabilities (W;)?,. To reduce the
variance introduced by resampling, refined schemes such as residual (Liu & Chen 1998),
stratified (Kitagawa 1996), and systematic resampling (Carpenter et al. 1999) have been
proposed. These methods are simple to implement, unbiased for arbitrary test functions,

and consequently remain widely used in practice.

However, these classical schemes only select among existing particles, i.e., they replicate
or discard elements from {X;}” ; but never relocate them or create new support points.
This limited flexibility leads to sample impoverishment: when a small number of particles
carry most of the weight, traditional resampling replicates these particles many times while
discarding all others. The resulting particle system concentrates in a narrow region of the
state space and fails to represent the global shape of the target distribution; see Fig. 1 (left

and middle panels) for a two-dimensional illustration.

To mitigate impoverishment, classical resampling can be augmented with additional ran-



domization, such as adding jitter to resampled particles (Gordon et al. 1993) or performing
resample-move MCMC rejuvenation steps (Gilks & Berzuini 2001). While such mechanisms
can improve diversity, they do so heuristically and locally. The resampling step itself still
depends solely on the weights {W;}7, while leaving particle locations unchanged; any
subsequent jitter or MCMC move is applied post-resampling and lacks an explicit global
criterion for comparing the weighted empirical measure and its equal-weight approximation

within the underlying geometry.

1.2 Related work

The aforementioned limitations have motivated a more recent line of work that directly
incorporates geometric information into the resampling step. Existing spatially aware
methods fall into three classes: sorting-based, clustering-based, and optimal transport

resampling.

Sorting-based methods first order the particles and then apply stratified or systematic
resampling to this sequence. In multiple dimensions, the ordering is typically induced by a
Hilbert space-filling curve mapping that approximately preserves locality (Gerber & Chopin
2015). Li et al. (2022) established an equivalence between sorted stratified resampling
and an optimal transport formulation in one dimension. In higher dimensions, however,
the performance depends on the quality of embedding, and the projection may introduce

artifacts in highly anisotropic or multimodal settings.

Clustering-based resampling partitions particles into groups using algorithms such as k-
means and performs resampling within each cluster (Yang et al. 2019). This prevents
clusters with small total weight from being eliminated entirely and encourages local diversity.
However, such procedures typically lack theoretical guarantees and may be sensitive to

clustering hyperparameters.



The third direction incorporates optimal transport (OT) theory into resampling (Villani 2009,
Peyré & Cuturi 2019, Zhang et al. 2021). Reich (2013) proposed the ensemble transform
particle filter (ETPF), which computes an OT plan between the weighted empirical measure
and an equal-weight empirical measure supported on the original particles, and then uses the
associated barycentric map to transform the particles deterministically. Subsequent work
developed second-order accurate ETPF (Acevedo et al. 2017) with deterministic corrections
to match covariance for bias reduction, and entropy-regularized variants (Kang & Park 2018,
Corenflos et al. 2021) to reduce the computational cost. While ETPF preserves geometry
better than classical schemes, it optimizes transport only over couplings with fixed supports
rather than optimizing the locations of resampled particles. Consequently, the resulting
equal-weight empirical measure is not optimal in the Wasserstein sense. Moreover, because
both marginals are supported on the same particle set, ETPF is naturally formulated only
for m = n and does not accommodate multi-descendant SMC frameworks (Fearnhead &
Clifford 2003, Li et al. 2022), where m and n may differ significantly. Finally, this line of

work lacks non-asymptotic theoretical results.

1.3 Contributions

Our main idea is to relax the exact unbiasedness imposed by most classical resampling
methods and instead control the overall mean squared error (MSE). To this end, we
first consider resampling from the point of view of a free-support Wasserstein barycenter
problem: given a weighted empirical measure p,, = >, W;dx,, we seek an equal-weight
measure v, = m_! Z;”Zl X, that minimizes the Wasserstein distance W (u,,, v,,). Unlike
fixed-support OT schemes such as ETPF, which constrain both marginals yu,, and v, to the
original particle support and optimize only over the coupling II € R}*™, our formulation
optimizes jointly over IT € R}*™ and the new support locations {X i}7ty. Consequently,

the resulting equal-weight empirical measure attains the minimum Wasserstein distance to



14, among all m-atom equal-weight measures, distributing particles more evenly across the

support (see Fig. 1 for illustration).

We next turn this deterministic free-support approximation into a randomized resampling
operator. A purely deterministic Wasserstein approximation may underestimate posterior
spread, so we propose a Dirichlet mixing mechanism applied to the columns of the optimal
coupling. In contrast to a global Dirichlet reweighting on the original support (Rubin
1981, Lyddon et al. 2019), our construction uses the optimal transport plan to build
many local Dirichlet mixtures, one per output particle. The resulting method, termed
Wasserstein-Dirichlet resampling (WDR), produces a family of randomized resampling
schemes interpolating between a deterministic transform and fully randomized ancestor

selection, providing a tunable bias-variance trade-off.

Third, we propose some variants and algorithms for SMC implementation. For mild
weight-degeneracy regimes, we propose a truncated variant, T-WDR, which preserves a
high-weight subset of particles and applies WDR to the remaining mass, thereby allocating
more resampling budget to rejuvenate the lower-weight region. Algorithmically, we develop

an efficient block coordinate descent method to solve the underlying optimization problem.

Theoretically, we derive non-asymptotic error bounds for the WDR estimator. Under mild
regularity conditions, WDR achieves a rate of O(m~"/*) for Lipschitz functions, where s
is the intrinsic dimension of the underlying distribution and can be substantially smaller
than the ambient dimension d. We also establish the convergence of the proposed block

coordinate descent algorithm.

Empirically, we evaluate WDR on linear Gaussian state-space models simulated across a
range of dimensions, including a spatial model that requires a block particle filter. Since
all of these admit an exact Kalman filter, the Kalman solution provides a clean reference

against which the effectiveness of each method can be assessed. Additional nonlinear studies



are reported in the Supplementary Materials. WDR consistently improves filtering accuracy
and stability at matched particle sizes, and remains advantageous at matched wall-clock
time in propagation-dominating regimes. We further integrate WDR into the twisted
diffusion sampler (TDS) (Wu et al. 2023), a state-of-the-art SMC framework for diffusion
models. In conditional image generation tasks, WDR consistently produces more diverse

and higher-quality samples than baseline resampling strategies.

The rest of the article is organized as follows. Section 2 provides preliminary introductions
to the general SMC framework and the Wasserstein barycenter; Section 3 describes our
proposed WDR method; Section 4 studies theoretical properties of the proposed method;
Section 5 details our simulation evaluations; Section 6 applies WDR to conditional image

generation; and Section 7 concludes with a short discussion.

2 Preliminaries

Notations. Superscripts (¢) and [r] index timesteps and iterations, respectively; subscripts
index particles. Temporal superscripts are omitted when clear from context. We use n for
the number of weighted particles and m for the resampled size. For vectors, || - || denotes
the Euclidean norm. For a measurable space X', P(X) denotes the set of Borel probability
measures on X, and J, € P(X) denotes the Dirac measure at x € X. We write 1,, for
the m-vector of ones, and A" ! := {p € R" : >, p; = 1} for the probability simplex.
For two nonnegative sequences (x,), and (yn)n, we write z, = O(y,) if there exists a
constant ¢ > 0 such that x, < cy,, and z,, = @(yn) if there exist constants ¢, ¢ > 0 such

that z, < c'y,(log(n))¢. Sections numbered with the prefix S refer to the Supplementary

Materials.



2.1 Sequential Monte Carlo

Consider a state-space model observed at T' timesteps, with a latent process (X (t))ogth
taking values in X and observations (Y(t))1§t§T taking values in ). The latent process
evolves from an initial probability density puy € P(X) according to Markov transition
kernels fi(z | 2'), 1 <t < T, where fi(z | ') denotes the probability density associated
with moving from 2’ to . Conditional on (X®)o<;<r, the observations (Y®)),c,cp are

statistically independent and their marginal densities are given by ¢;(y | ). That is,

X(O) ~ Mo,
XO | (XD = g0y o £ 20D), 1<t <T, (1)

Given observations 3 = (yM, ... y®), the filtering problem primarily focuses on the tar-
get distribution 7;(z) = P(X® € dz | Y1 = y(1:¥)) and expectations () = E[p(X®) |

Y () = (9] for some suitable test function (.

Sequential Monte Carlo methods approximate m; by a random empirical measure
7T£Lt) = Z Wz(t) (5Xi(t),
=1
where {X"}"_ are particles and {W”}"_, are normalized importance weights. Given a
particle set {()N(i(tfl), Wiy ™., an SMC update at time ¢ proceeds as follows (Doucet &

7

Johansen 2011):

1. Propagation. For each ancestor particle ¢ = 1,...,m, simulate K; > 1 descendant

particle(s)

where ¢; is a proposal kernel; for example, ¢, = f; in the bootstrap filter. The total

number of candidate particles at time ¢ is mK;.



2. Weighting. Update the importance weights according to the observation at time ¢:

T-(t t t o (t—1
) _ Wz(k) (1) (t—1) gt(Y(t) | Xi(,lg) ft<Xz‘(,k) ‘ Xi(,k )>
Wik = s v e Where Wil oc Wy, O 7D ‘
i=1 2uk=1 Wi,k Qt(Xi,k ‘ Xz',k )

For notational convenience, we relabel the subscripts {(¢, k) }ic1, m k=1, s as {i}i=1..n

with n = mK;.

3. Resampling. From {(Xz-(t), W~(t)) " |, generate a set {f(i(t)}ﬁl with equal weight, W, =

)

1/m, using some resampling scheme. We denote this operation by
(XN~ R ({7 W),

where R, represents a resampling operator. We keep m fixed over time to ensure that

the particle size does not grow uncontrollably over time.

In practice, the multi-descendant proposal and resampling steps can be adapted based on the
coefficient of variation (CV) of the weights. The CV of a weight vector W = (W, ..., W,,)
is defined as the ratio of its standard deviation to its mean, i.e., cv?(W) =n"t 30 (W; —
W)?/W?, which is equal to n Y7, W2 — 1 if W is normalized. In the survey literature,
researchers often compute the effective sample size (ESS) as ess(W) = n/(1 + cv?(W)) for
inference with weighted samples, which was also suggested by Kong et al. (1994) for the
SMC framework (Liu & Chen 1995, 1998). As such, CV can be used to provide a general

measure of the degeneracy of a particle set, decoupled from the sample size n.

At timestep ¢, we compute cv(W®1) and compare it with a predefined threshold cyyres > 0.
If CV(W(t_1)> > Cinres, We Tegard the particle system as strongly degenerate and activate the
multi-descendant proposal with K; = K > 1; otherwise we set K; = 1 to save computational
cost. After the weighting step at time ¢, we compute cv(W®) and perform resampling if
either K; > 1 or CV(W(t)) > Cinres; Otherwise we skip resampling and carry the weighted

particles forward to the next timestep.

In what follows, we regard resampling as a stand-alone transformation that takes a weighted

9



empirical measure p, and returns a random equal-weight measure v,,. We say that a

resampling operator R,, is unbiased if

E[vim(¢) | 1tn] = n(p), Vo € F,

where F denotes the set of all finite functions with respect to p,. Classical resampling
schemes (e.g., multinomial, residual, stratified) are unbiased, while the method developed
in this study trades off unbiasedness for improving geometric properties quantified via

Wasserstein distance.

2.2 Wasserstein distance and barycenter

For p1,v € P(RY), a coupling (or transport plan) between u and v is a probability measure

v on R? x R? with marginals i and v, i.e.,
V(A xRY = pu(A), v(R*x B)=v(B), VA, BEcBR?,

where B(R?) denotes the Borel o-algebra. The set of all couplings between u and v is
denoted by I'(u,v). For p > 1, the p-Wasserstein distance (Villani 2009, Peyré & Cuturi

2019) between p and v is defined as

1/p
WGw) = (_int Iz = yllP5(de, dy)

~vel(u,v) JREXRE

When p and v are discrete measures, the OT problem reduces to a finite-dimensional linear
program. For weighted empirical measures u, = 321" W;dx, and v, = 327, V; dy, with
weights W € A" ! and V € A™ ! any coupling v € T'(fin, ;) can be represented by a
nonnegative matrix IT € U (W, V), where
UW,v) = {H eERP™ Y Ty =W, Y 10 = Vj}‘
j=1 i=1

The p-Wasserstein distance is then given by

Wy (tn,vin) = min 3 > Tl [| X = Y

neU(W.v) ;= =

10



Wasserstein barycenters. Given a collection of probability measures p, ..., &) on R?
and nonnegative weights A1, ..., Ay with 3, A\; = 1, a Wasserstein barycenter of {u®}%
is the minimizer

v* =arg min Z)\leu,u ).

veP(R?)
This construction generalizes the notion of an average (or Fréchet mean) to the Wasserstein
space. In the free-support setting, v is allowed to be any probability measure in P(R%), so
both its support and weights are determined by the optimization problem (Claici et al. 2018,
Cuturi & Doucet 2014). In the fized-support setting, both v and the input measures pu® are
discrete measures supported on a prescribed common support set. In this case, the support
locations are fixed and only the weights on that common support are optimized (Benamou
et al. 2015, Lin et al. 2020). Our resampling formulation corresponds to a constrained
free-support barycenter in which v is required to be an equal-weight discrete measure with

flexible support locations.

3 Method

3.1 Free-support Wasserstein resampling with Dirichlet mixing

Recall that u,, = >, Widx, is a weighted empirical measure obtained after the weighting
step of SMC, and v,,, =m 37,4 %, 1s the equal-weight measure returned by a resampling
operator. For a test function ¢ : X — R, the resampling estimator of p,(p) = 27, Wip(X;)
is Up () = m~ 1™, o(X;). Classical schemes are designed to satisfy B[t (©) | ftn] = fin(9)
while reducing the conditional variance Var{v,,(¢) | pn} (Liu & Chen 1995, Kitagawa 1996,

Li et al. 2022).

However, exact unbiasedness for all test functions constrains resampled particles to the
original support. If new locations were created with positive probability, one could always

construct a function ¢ separating the new support from the old, yielding E[v,, () | pn] #

11



tn(p). To enable free supports, we relax exact unbiasedness and instead control the
conditional MSE E[(v,,,(¢) — pin(©))? | pn). For Lipschitz test functions, this MSE is
controlled by the p-Wasserstein distance between u,, and v,,, as established in Proposition 1.
Proposition 1. Let u,v € P(RY) and let o : R? — R be L-Lipschitz, i.e. |p(z) — ¢(y)| <

L||x — y|| for all x,y € R%. Then, for any p > 1,
E|(v(p) — u(@)? | | < L*E[W2(p,v) | pl. (2)

Inequality (2) motivates bringing v, as close as possible to y, in the W), distance. Through-

out the remainder of the paper, we focus on p = 2 and write W (u,v) = Wa(u, v).

Free-support Wasserstein approximation. Define the set of equal-weight discrete
measures with m atoms as A, = {m™! Yoy, 1 Y € R?}. Motivated by Proposition 1,

our target resampled measure is the best Ws-approximation of pu, in A,,:

vh =arg min W2, V). (3)

m Um E.Am

This is a constrained free-support Wasserstein barycenter of the single input measure y,,,

restricted to A,,. Using the discrete formulation in Section 2, problem (3) is equivalent to

min ZZHU 1X; — V5%, (4)

Ye(Rd)m Heu(Wm m) = 1=
where W = (W4, ..., W,) are the input weights and U(W, m~11,,) is the associated trans-
portation polytope. The minimizer (II*, Y™) of (4) yields v, = m™' X2, dyy, which is the

closest distribution to p, in the W5 metric within the class A,,.

Furthermore, Y* can be expressed in terms of the columns of II*. For each j =1,...,m,
define pi?) := =mllj;, i =1,...,n,sothat 5 pY) = 1 and pt) = (pgj), ...,pY¥)) is a probability
vector. Then,
* H* ) .
Y;:* X, j=Lm (5)

That is, each Y* is the barycenter of the input particles under the column weights p).

12



The transformation p,, — v, enjoys optimal geometric properties in the Wasserstein sense,
but it is fully deterministic given p, and tends to underestimate particle spread (Acevedo
et al. 2017). To address this limitation, we introduce controlled stochasticity to v, via a

Dirichlet mixing mechanism.

Dirichlet mixing randomization. Given (II*,Y*), we now define the Wasserstein-
Dirichlet resampling (WDR) operator. For j = 1,...,m, recall the probability vector

()

p¥) € A" and the barycentric projection Yy = Y p’Xi. Given a concentration

parameter 7 > 0, we define the Dirichlet-mixed resampled particles as
Zi(1) = Z V;(j)Xi where VU ~ Dirichlet(rp¥), j=1,...,m, (6)

independently across j conditional on (IT*, X'). Collecting Xj =Z;(7),j=1,...,m, and

assigning equal weights 1/m yields the equal-weight empirical measure vYPR,

This construction interpolates continuously between deterministic and fully randomized
behavior. As 7 — 00, the Dirichlet weights V) concentrate around their mean p\¥), and
Zj(t) — Y} in probability; in this limit WDR recovers the deterministic map p, — v},
defined by (3). At the other extreme, as 7 — 01, the Dirichlet distribution with parameter
7pU) concentrates on the vertices of the probability simplex. In the limit case of 7 = 0,
we obtain I; ~ Categorical(p"”)) and Z;(0) = X 1;, i-e., randomized resampling based on
the optimal plan IT*, which is unbiased. For d = 1, the optimal plan II* corresponds to a

monotone transport map and Z;(0) reduces to sorted stratified resampling (Li et al. 2022).

For any fixed 7 > 0, the weights V) have full support on the simplex, and Z;(7) lies in the
convex hull of the particles {Xj : pgj ) > 0}. The parameter 7 thus trades off Monte Carlo

variability and shrinkage toward the barycentric projections Y.

Remark 1. The discrete OT plan IT* is sparse with at most n+m — 1 nonzero entries (Gerber
& Maggioni 2017), so each column p") involves only O(1) input particles on average. The

Dirichlet mixing in (6) is therefore inherently local: each resampled particle combines only
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a small number of nearby ancestors rather than aggregating mass from the entire set. This
locality preserves local structures and avoids excessive collapse of particles into a single
location.

Remark 2. The Dirichlet mixing (6) is related in spirit to the Bayesian bootstrap (Rubin
1981, Lyddon et al. 2019), which also uses Dirichlet weights to randomize an empirical
measure. In the Bayesian bootstrap, one draws V ~ Dirichlet(1,,) on the simplex A"~!
and forms } 7 | Vidx, as a random empirical measure. The key difference is that, instead
of employing a global Dirichlet weighting on the original support, WDR uses the optimal

transport plan to construct many local Dirichlet mixtures, one for each output particle.

Truncated Wasserstein-Dirichlet resampling. In multi-descendant propagation, each
ancestor generates multiple candidate descendants that probe the future independently.
Hence, when weight degeneracy is mild, an additional resampling step to the entire population
can waste budget by allocating multiple equal-weight output particles to essentially the same
high-weight region. We instead keep high-weight particles fixed and devote more budget
to rejuvenate medium to low-weight regions; related thresholding ideas have appeared in,
e.g., Liu et al. (1998) and Fearnhead & Clifford (2003). This leads to truncated WDR
(T-WDR), a variant of WDR that preserves high-weight particles as anchors and reallocates
only the residual mass, thereby retaining the dominant structure while providing sufficient
opportunity for tail rejuvenation. T-WDR shares the same objective (3) as WDR, and
differs only in the feasible class A,,. Given a threshold x > 0, define S, = {i : W; > &},
Te = Yigs, Wi, and myq = m — [Sk|. We then restrict the optimization to AL-WDR
{Tics, Wibx, + remey Yt by, : Y; € R?}. Under a continuity condition, the threshold &
is characterized as the solution to m = Y%_; min(W;/k, 1). Further details are provided
in Section S1. We recommend T-WDR as an efficient surrogate for WDR when weight

degeneracy is mild; under severe degeneracy, full WDR is generally preferable.
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3.2 Block coordinate descent algorithm

In this section, we develop a numerical framework for efficient computation of the problem (4).
Although many numerical solvers for Wasserstein barycenters have been proposed, most
focus on fixed-support formulations or regularized variants (Benamou et al. 2015, Lin et al.
2020). For the free-support setting, existing algorithms are either not directly compatible
with the equal-weight constraint in resampling (Cuturi & Doucet 2014), or are general-
purpose solvers (Claici et al. 2018) that can be prohibitively slow in our regime because the

barycenter subproblem must be solved repeatedly within SMC.

Therefore, we propose an efficient algorithm tailored to the structure of (4). The objective
in (4) is convex in II for fixed Y and convex in Y for fixed II, yielding a biconvex structure.
We exploit this with a block coordinate descent (BCD) procedure (Bertsekas 2016) that
alternates between updating the transport plan and the support locations. In particular, at

iteration r, the BCD scheme performs the following two steps.

1. Transport step. Given Y, compute the optimal transport plan

MY = arg  min ZZHU 1, — Y2, (7)

et (W,m~— 11m)Z 15=1

This is a standard discrete OT problem with fixed supports X and Y

2. Support step. Given II+1 update the support locations Y+ by minimizing the

objective with respect to Y:

Y+ = arg min Z Z H[TH] 1X: — ;%

YeRY)™ T =
This separates across columns and admits the closed-form update as in (5), that is,

JRIUARD'e
[r+1] i=1"+4 i .
Y; —ﬁ, Jg=1...,m, (8)
i=1 i

so each Yj[TH] is the barycenter of X under the jth column of TII'+1.
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Algorithm 1 Wasserstein-Dirichlet resampling (WDR)

1: Input: weighted particles {(X;, W;)},, target size m, concentration parameter 7 > 0
2: Compute (II*, Y™*) by solving (4) via block coordinate descent:
Initialize YO = (Y[ ..., VI, set r + 0
repeat
Update "1 by solving (7) with Y
Update YI+1 using (8) with [T+
r<r+1
until convergence criterion is met
(IT*, Y*) « (1" Y
for j=1,...,mdo
Set p¥) «— m 1T,
Draw V) ~ Dirichlet(rp@) and set X; « ¥, V7 X,

end for

: Output: equal-weight particles {Xj}gnzl

Each iteration decreases the objective in (4), and the sequence {(II!, Y1)} has convergence
guarantees (see Section 4.2). In practice, we terminate the iterations when the relative
change in Y falls below a small tolerance, or after a fixed maximum number of iterations.
In our experiments, a small number of iterations (typically fewer than ten) is sufficient to

reach numerical convergence.

Equipped with the BCD solver, the complete Wasserstein-Dirichlet resampling procedure
is summarized in Algorithm 1. In the SMC context of Section 2, we use Algorithm 1 as a
drop-in replacement for the generic resampling operator R,,, with m chosen according to

the desired number of descendants.

In Algorithm 1, we initialize Y by subsampling m particles at random. Regarding the
subproblems, when 7 is moderate, we solve the transport subproblem (7) exactly using the
network flow method (Flamary et al. 2021). For larger n, we use the sparsified approximation
solver proposed by Li et al. (2023), which achieves near-linear time complexity. Due to

the sparsity of the OT plan IT with O(n) nonzero entries, the barycentric update (8) can
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also be implemented in O(n) time. Thus, each BCD iteration has near-linear complexity
O(n). Since the BCD iterations converge within a small number of iterations (as shown in
Section S3.1), the overall cost of WDR scales approximately linearly in n, comparable to

that of classical resampling methods, while exploiting richer geometric structure.

4 Theoretical results

4.1 Statistical properties

We first quantify the approximation error of the optimal equal-weight atomic approximation
to a given measure, then analyze the bias-variance trade-off of the Wasserstein-Dirichlet
resampling.

Lemma 1. Let s € N be the intrinsic dimension of the support of p in the following
sense: after a rigid change of coordinates in R, the support of i is contained in an azvis-
aligned hyperrectangle Qs = [T;_,|ax, bx] x {0}47% C RY with side lengths (), := by — ag > 0
for k =1,....s. Let D := (X5_,62)"/? be the Euclidean diameter of the active block
[Ti—ilak,bk]. Then for any m € N and any p < s, there exists an equal-weight atomic

measure Vp, = m~ o0 0y, with Y1, .o Ym € Qs such that
W, (11, V) < Cspy Dm~ Y2,

where Cs,, depends only on s and p.

This result extends standard quantization rates (Gray & Neuhoff 1998, Kloeckner 2012) to
the constrained setting of equal-weight discrete approximation, preserving the polynomial
decay in the intrinsic dimension s. While Lemma 1 assumes an s-dimensional axis-aligned
support for brevity, the convergence rate W,(i, V) S m~'/* can extend to more general
structures, such as s-dimensional manifolds (Weed & Bach 2019, Hundrieser et al. 2024),

up to a change in the constant factor.
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This viewpoint is motivated by the fact that, in many filtering and generative problems, the
target distribution is far from isotropic in the ambient space. Strong dependence or latent
geometric structure might cause the posterior to concentrate near a lower-dimensional set
or along a small number of effective directions. For example, although image generation
problems are formulated in high-dimensional pixel space, natural images are commonly
believed to lie on a much lower-dimensional manifold. In such cases, geometry-aware
resampling is expected to be advantageous. We now state a non-asymptotic bound for the
Wasserstein-Dirichlet resampling estimator of L-Lipschitz functions.

Theorem 1. Let ¢ : [0,1]7 — R be L-Lipschitz and let p,(¢) = S, Wip(X;) be

the target function. Define the Wasserstein-Dirichlet resampling estimator vYPR(y) =

m~ Y o(Z;(7)), where {Z;(T)}7, are the resampled particles constructed in Section 3

with concentration parameter T > 0. Then, under the assumption of Lemma 1,

2 T _ s 1 L s
| (A ) = (i) L] < 2C2 [ g S

where s is the intrinsic dimension under the structural condition of Lemma 1, and the

constant Cy depends only on s.

The right-hand side of (9) arises from a bias-variance decomposition of MSE. The first term
O(m~2/%), weighted by 7/(7 + 1), corresponds to the squared bias from the free-support
Wasserstein approximation. As 7 — oo, WDR becomes the deterministic barycentric
transform, so only this bias term remains. The second term O(m~'=2/%), weighted by
1/(7 + 1), corresponds to the conditional variance from Dirichlet mixing. When 7 = 0,
WDR reduces to ancestor sampling according to the optimal transport plan, and then the
bias term vanishes, leaving only the variance term. Especially, for linear test functions ¢,

the bias term vanishes, so the MSE reduces to the variance term O(m~'=2/%) for all 7 > 0.

It is also worth noting that the variance rate O(m~'72/%) matches that of Hilbert curve
resampling (Li et al. 2022), which samples ancestors according to a transport plan constructed

via Hilbert curve projections. In this sense, WDR generalizes the Hilbert curve resampling
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by providing a continuous interpolation between deterministic and randomized schemes,

thereby balancing estimation bias and variance.

4.2 Algorithmic convergence

Let {(IT', Y)Y,y be the sequence produced by the BCD part of Algorithm 1, i.e.,
alternating exact minimization over Il and Y. The next result establishes a well-behaved

convergence guarantee.

Theorem 2. Denote F(I1,Y) as the objective function in (4). Recall that, for each r > 0,

H[’"H]Eargn min  FILY), Y™ —arg min F(IIMY)Y).
GZ/[(VV,’H’L 1m) Ye(Rd)m

Then, every limit point of {(II", Y'Y is a stationary point of the problem (4).

The monotone decrease property used in the convergence analysis is established in Lemma S3
of the Supplementary Materials, while Theorem 2 guarantees the stationarity of all limit
points. Since F' is nonconvex, the theorem does not assert global optimality without
additional regularity. Empirically, the BCD solver is numerically stable for the resampling

problem and shows little sensitivity to initialization, as shown in Section S3.1.

5 Simulation study

This section evaluates the proposed resampling scheme on linear Gaussian state-space
models. Section 5.1 compares accuracy and stability across dimensions and condition
numbers at matched particle sizes, and then identifies the propagation cost above which
WDR is preferred at matched wall-clock time. Section 5.2 scales the comparison to a high-
dimensional spatial model, which requires a block particle filter and has a high propagation
cost. Two nonlinear benchmarks, the Lorenz-63 system and a stochastic volatility model,

are provided in Sections S3.2 and S3.4.

19



We compare the proposed (T-)WDR with classical multinomial, residual, and stratified
resampling, and with the OT-based Hilbert curve resampling (Li et al. 2022). Another
OT-based approach, ETPF (Reich 2013), is not included in the comparison because it is
incompatible with the multi-descendant SMC framework. We set the Dirichlet concentration
parameter 7 to 30 as the default. For the transport subproblem in Algorithm 1, we solve
the OT problem exactly using a network flow solver (Flamary et al. 2021) when m < 200,
covering the Lorenz-63 study; while for larger m, such as those considered in this section,
we use a sparsified proximal point method (Xie et al. 2020, Li et al. 2023) to approximate

the transport plan.

Evaluation metrics. The primary goal is to estimate the posterior mean trajectory
I = ('MW, ... "M where I*® denotes the oracle value of E[X® | Y] under the
state-space model (1). For the linear Gaussian models, the oracle is available in closed form

from the Kalman filter.

We consider three metrics to evaluate each resampling method. At time ¢, a given method
produces a weighted particle approximation {(Xi(t)7 Wi(t))}i to the filtering distribution.
We compute the weighted particle mean 10 .= > Wi(t)Xi(t) and evaluate its discrepancy
from the oracle posterior mean I*® using RMSE, = [|[I®) — I*®)|| /v/d, and then report the

time-averaged RMSE over the T timesteps, RMSE = T'~! Zthl RMSE;.

We also evaluate the filtering distribution using the energy score (ES), a strictly proper
scoring rule (Acevedo et al. 2017). At time ¢, given the weighted particle approximation
> Wi(t)(S X and the oracle posterior mean I*®, the energy score is defined as
BS, = Y- WX - PO - Ly S wOwox - x0), (10)
j=1 j=11=1
We then compute its time-averaged version ES = T-! 3L | ES,. The first term in (10)
measures the proximity to the oracle state, and the second term accounts for the ensemble

spread. Thus, ES penalizes under-dispersion caused by the particle impoverishment. For the
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linear Gaussian models, we additionally compare the particle approximation with the exact
filtering distribution using the energy distance (ED); details are provided in Section S3.7.

For all the three metrics, lower values indicate better performance.

5.1 Linear Gaussian state-space model

We consider a linear Gaussian state-space model, which can be viewed as discrete observations
at unit time intervals on the latent continuous-time Ornstein—Uhlenbeck (OU) diffusion,

dX, = BX,du + C dW,, with W,, being a standard d-dimensional Brownian motion:

X0 = AXCD L0 0 o N (0,T),

Y(t) :X(t)+€(t)7 E(t) NN(O’Id)’ t= 172’...,T.

The process is initialized at X© ~ N(0, I), where A = P and & = [} €5 CCTeP s ds. We
take A =0.951; and ¥ = 0.5Q diag()\y, ..., \q) @, where @ is a fixed random orthogonal
matrix and \; = k~U=D/(@=1) 5o the eigenvalues decrease geometrically from 1 to 1/k,
where k is called the condition number of 3. To investigate the effects of dimensionality
and anisotropy, we consider d € {20,50,100} and ~ € {1,10,50}, with particle sizes
m € {2829 ... 212}, The number of particles needed to avoid weight collapse grows
exponentially with the effective dimension (Section 1.1), so even the largest of these particle
sizes is small at these dimensions. Every setting thus lies in the small-particle regime that

motivates this work.

In each of the twenty independent replications, we simulate a trajectory of T" = 1000
timesteps and run a bootstrap particle filter with the adaptive multi-descendant proposal
and adaptive resampling of Section 2.1, setting K = 3 and cgpes = 2. We compare WDR
with the baselines listed above, excluding T-WDR because the higher-dimensional settings

exhibit severe weight degeneracy, for which it is not designed.
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5.1.1 Filtering results

Figure 2 reports the time-averaged RMSE and energy score against the Kalman reference
I*® | and shows that WDR performs the best across all (d, x), while the four baselines
are nearly indistinguishable. For both metrics, the gap widens with k, because classical
schemes only replicate existing particles and thus suffer from weight degeneracy and sample
impoverishment in ill-conditioned settings, whereas WDR’s OT-informed coupling creates
new support points that preserve particle dispersion and posterior coverage. This is consistent
with the intrinsic dimension dependence in Theorem 1: stronger anisotropy concentrates the
posterior along fewer effective directions, bringing it closer to a lower-dimensional structure,
where geometry-aware resampling is beneficial. RMSE depends on the particle distribution
only through its mean, where WDR’s margin over the baselines becomes smaller as m
grows when d = 20, although its curve remains lowest throughout. The energy score instead
depends on the whole particle distribution, which is what WDR’s free-support placement
improves, and there its advantage persists at the largest particle size. The energy distance
results in Section S3.7 yield rankings consistent with those based on RMSE and energy

score.

Per-time trajectories further confirm that WDR’s advantage holds over the whole time

horizon for all the considered particle sizes; see Section S3.3.1 for details.

5.1.2 Stability analysis

Besides accuracy, it is also important to assess the stability of resampling methods across
repeated runs. To this end, we fix one dataset from the linear Gaussian model with
(d, k) = (50,50) and rerun the particle filter twenty times with different random seeds. We
consider three stability metrics, moving from the particle level to the estimator level and
then to the evaluation level, all averaged over timesteps: (i) the between-run energy distance

between the full particle distributions; (ii) the between-run standard deviation of the
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Figure 2: Time-averaged RMSE (left) and energy score (right) versus the particle size m on the
log-log scale for the linear Gaussian model. Rows correspond to the dimension d € {20, 50,100}
and columns to the condition number x € {1,10,50}. Shaded bands represent standard deviations
based on twenty replications.
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Figure 3: Between-run stability metrics versus particle size m for the linear Gaussian model. From
left to right: between-run particle energy distance, between-run standard deviation of the estimate,
and between-run standard deviation of RMSE. Lower values are better.

posterior mean estimate; and (iii) the between-run standard deviation of the RMSE relative

to the Kalman oracle. Detailed definitions of these metrics are provided in Section S3.3.2.

For all three metrics, smaller values indicate greater stability.

Figure 3 plots the stability metrics against particle size m. Although stratified and residual

resampling are known to have lower conditional variance than multinomial resampling at a
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single step (Chopin & Papaspiliopoulos 2020), the between-run variability accumulates with
time and aggregates propagation randomness in the particle filter. Consequently, differences
among these classical resampling methods are largely masked in the final run-to-run metrics,
and their curves remain close. In contrast, WDR lies below all baseline methods across
the full range of m on all three metrics. This can be attributed to the fact that WDR
constructs a structured and geometrically coherent transport of the particle cloud, rather
than randomly selecting existing particles. This leads to a more stable approximation of
the filtering distribution, demonstrating that WDR improves not only estimation accuracy

but also between-run stability.

5.1.3 Performance-cost analysis

The above experiments compared methods at equal particle size. Considering that WDR
incurs additional resampling overhead, a more practical criterion is performance at equal

wall-clock time. We design an experiment that varies the propagation cost to identify when

WDR is the preferred choice.

We continue to use the linear Gaussian model with (d, k) = (50, 50), and now make the cost
of simulating the latent diffusion explicit. For a general nonlinear diffusion, the transition
kernel has no closed form, so each propagation step must integrate the dynamics over many
small sub-steps between observations, with cost proportional to the integration resolution.
We emulate this cost by simulating the OU dynamics on a grid of v internal sub-steps
per observation interval. Specifically, we set A = Pdiag(qy,...,qq) P, where P is a fixed
random orthogonal matrix and ¢; = 0.951+¢20-D/(4=D=1 with spread s = 0.5, and each sub-
step applies the transition Ag,, = P diag(qi/ T ,qf/ 7) P with a matching sub-step noise
covariance Yg,p, S0 that 7 successive sub-transitions under (Agu, Xsup) exactly reproduce

the original one-step transition under (A, ). This construction leaves the target filtering

distribution and the Kalman oracle unchanged, while making the propagation cost scale
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Figure 4: Time-averaged RMSE (top row), energy score (middle row), and energy distance (bottom
row) versus total wall-clock cost on the linear Gaussian model with (d, k) = (50, 50). Each panel
corresponds to a sub-step multiplier 7. Shaded bands represent standard deviations based on

twenty replications.

approximately linearly with ~.

Figure 4 plots the time-averaged RMSE, energy score, and energy distance against the
total wall-clock time for each . As 7 grows, propagation gradually comes to dominate
the computational budget, while resampling accounts for an ever-smaller fraction of total
runtime. In particular, the ratio of WDR resampling time to propagation time, averaged
across m, falls from 5.1x at v = 1 to 1.1x at v = 10, 0.30x at v = 50, and 0.16x at
~ = 100. Consistent with this shift in the computational budget, the practical benefit of
WDR becomes increasingly clear as v rises. For v > 10, WDR lies on the Pareto frontier
for each of the three metrics: no alternative method simultaneously achieves a lower value

on the corresponding metric and a lower total runtime.
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Translated to absolute time, v = 10 corresponds to a per-particle-per-step propagation
cost of roughly 0.1 ms, giving a practical threshold above which WDR  is the recommended
choice. Although this threshold is a representative order-of-magnitude reference in our
experiments, the qualitative claim that WDR is preferable when propagation dominates is
robust across settings. This regime is directly relevant to modern SMC applications, such
as the diffusion model of Section 6, where the propagation cost is far above this threshold.
We also conduct sensitivity analyses over the Dirichlet concentration parameter 7 (defined
in (6)), the multi-descendant factor K, and the CV threshold cy,es (see Section 2.1), and
observe that WDR performs robustly, with intermediate values of 7 performing the best.

Details are provided in Section S3.5.

5.2 High-dimensional Gaussian spatial model

To test a problem in which the model itself makes propagation expensive, we consider a

linear Gaussian spatial model on a 45 x 45 lattice with d = 2025 grid sites:

X® =095 XD 40 O L A(0,3),
YO = gXO 4O O N(0,1,),

where each X is d-dimensional; ¥;; = 0.5(1 + v/3r;/p) exp(—+/3rij/p) is a Matérn
covariance with p = 6 and 7;; the distance between sites ¢ and j on the unit-spacing lattice;
and H € {0,1}%*? has d, = 202 rows, each selecting one site (only one “1” in each row).
Generating the spatially correlated process noise ) requires a dense d x d matrix-vector
product per particle per step, incurring substantial computational cost when d = 2025. At
this dimension, the generic bootstrap filter collapses with any resampling scheme, so we
employ the block particle filtering strategy (Rebeschini & van Handel 2015), detailed in
Section S3.6 of the Supplementary Materials. We simulate a trajectory of T" = 200 timesteps
and compare all the resampling methods discussed in Section 5.1. The oracle reference is

again available from the Kalman filter.
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Figure 5: Time-averaged RMSE (left), energy score (middle), and energy distance (right) versus
total wall-clock cost on the d = 2025 spatial model. Marker shape indicates the particle size m.
Shaded bands represent standard deviations based on twenty replications.

Figure 5 reports the evaluation metrics against total wall-clock cost, with the particle size m
represented by the marker. WDR outperforms all baselines on all the three metrics at every
m, and its advantage persists as m increases. The propagation step costs about 0.6 ms per
particle per step, six times the threshold identified in Section 5.1.3, and accounts for over
80% of the per-step cost when WDR is used for resampling. Among the classical schemes,
multinomial resampling performs the best, reversing its usual ranking. We attribute this
reversal to the i.i.d. output indices generated by multinomial resampling, which preserve

the blockwise independence that the block particle filter is based on.

6 Conditional image generation

We next apply Wasserstein-Dirichlet resampling to conditional image generation with
diffusion models, using the twisted diffusion sampler (TDS) of Wu et al. (2023) as the
baseline SMC framework. Let 27 = (2 ... () denote the latent diffusion trajectory
(with ¢ decreasing in the reverse-time sampling procedure) and let y be a conditioning
variable, such as a class label. A pretrained diffusion model specifies a joint density

po(2%T)) over trajectories, and the task is to draw samples from the conditional distribution
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mo(2® | y), which is the marginal of 7(z(*?) | y) o< pg(z*1)) p(y | @), where p(y | (@) is

an externally supplied likelihood (e.g., a classifier on clean images).

Twisted diffusion sampler with WDR.. TDS views 7(2(®) | ) as the extended target
of an SMC sampler and runs particles backward in diffusion time. In particular, TDS
augments an unconditional score network with a likelihood gradient term as the twisted
proposal and corrects this proposal using importance weights, so that the resulting particle
approximation converges to m(z(®") | y) as the number of particles grows. Algorithmic
details of TDS are provided in Section S4.1. At each reverse timestep, TDS (i) propagates
descendants via the twisted kernel, (ii) updates the particle weights by the associated
incremental weight, and (iii) resamples particles according to these weights. In the original
TDS, systematic sampling (i.e., stratified with a single shared random offset) is used at
each resampling step. As shown in Section 5.1, such classical schemes are inefficient in
high-dimensional state spaces, whereas Wasserstein-Dirichlet resampling better preserves
geometric structure and diversity. We therefore replace the classical resampling in TDS

with (T-)WDR and incorporate multi-descendant propagation with K = 3.

6.1 Experimental setup

We follow the experimental design of Wu et al. (2023) and consider class-conditional image
generation on MNIST and CIFAR-10 datasets, each consisting of ten classes. In both
experiments, we use the same pretrained score-based diffusion models and ResNet classifiers
as in the original TDS. Experiments were conducted on one NVIDIA H100 GPU (80 GB),

using PyTorch 2.0.1 and CUDA 11.8.

For MNIST, the conditioning variable is the digit label, and the goal is to generate 28 x 28
grayscale images. For CIFAR-10, the conditioning variable is the class label, and the goal is
to generate 32 x 32 RGB images. In all runs, we simulate the reverse diffusion trajectory

for T' = 100 discretization steps and consider particle sizes m € {2*,2° 25 27}. Following
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Wu et al. (2023), we trigger resampling adaptively when the effective sample size falls
below 0.5m. Considering that the squared Euclidean distances in high-dimensional pixel
space are poorly aligned with perceptual similarity, we implement Wasserstein-Dirichlet
resampling in a learned low-dimensional representation that better reflects image semantics.

Implementation details are provided in Section S4.2.

For each method, we run 100 independent replications per class, with each run using
m particles (i.e., m generated images). We evaluate the generated images using four
complementary metrics: (i) Fréchet inception distance (FID) (Heusel et al. 2017), lower
indicates better distributional fidelity; (ii) classification accuracy (Wu et al. 2023), higher
indicates better label-conditional correctness; (iii) within-run LPIPS diversity (Zhang et al.
2018), higher indicates more within-class sample diversity; and (iv) between-run over within-
run LPIPS ratio, smaller (i.e., closer to one) indicates that different random seeds explore
the same correct posterior region rather than collapsing onto different modes. Detailed

definitions of these metrics are provided in Section S4.3.

6.2 Experimental results

Figure 6 compares vanilla TDS with its (T-)WDR variants on MNIST and CIFAR-10. To
evaluate practical benefit, we plot each performance metric against computational costs
directly. As expected, all methods improve as the particle size m increases, reflecting a
more accurate approximation of the twisted path measure. Within this overall pattern,
TDS-T-WDR performs the best, followed by TDS-WDR, and both consistently outperform

vanilla TDS on both datasets.

This result is consistent with the geometric structure of the problem. Although they lie
in a high-dimensional pixel space, natural images are concentrated near a much lower-
dimensional manifold. Thus, in our conditional generation tasks, weight degeneracy is often

mild to moderate when employing the twisted SMC. This is precisely the regime where
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Figure 6: Conditional image generation metrics versus wall-clock time (in seconds). Lower is better
for FID and the between-within ratio; higher is better for classification accuracy and within-run
LPIPS diversity. Shaded bands represent standard errors based on one hundred replications.

T-WDR is most effective, leading to improved generation qualities.

In terms of computational cost, TDS-WDR introduces negligible additional cost compared to
vanilla TDS, whereas TDS-T-WDR incurs a modest overhead, which is consistent with the
wall-clock times reported in Section S3.2.2 and can be attributed to more resampling triggers.
Overall, (T-)WDR remains computationally competitive across the particle sizes considered.
Averaged over m, the per-particle-per-step propagation cost is about 4 ms on MNIST and
8 ms on CIFAR-10, both far above the practical threshold identified in Section 5.1.3. Hence,
diffusion-based conditional generation fits the propagation-dominating regime, where the

overhead of WDR is negligible, while its performance gains remain practically meaningful.

Figure 7 provides examples of the generated images with m = 64. Compared with vanilla
TDS, our TDS-T-WDR produces samples that are both more class-consistent and more

diverse within each class. For example, the MNIST digits generated by TDS-T-WDR
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Figure 7: Samples generated by vanilla TDS (top row) versus those by the proposed TDS-T-WDR
(bottom row) with m = 64. The image batches are randomly selected. From left to right: digit 3
(MNIST), digit 7 (MNIST), airplane (CIFAR-10), and cat (CIFAR-10).

show richer variation in stroke thickness, curvature, and writing style. In contrast, the
vanilla TDS occasionally shows low-quality artifacts and exhibits apparent within-class
repetition, indicating reduced effective diversity. Taken together, these results demonstrate
that incorporating Wasserstein-Dirichlet resampling into TDS improves fidelity, conditional

correctness, and sample coverage without compromising practical efficiency.

7 Concluding remarks

We propose a new resampling paradigm, termed WDR, for sequential Monte Carlo from the
perspective of free-support Wasserstein barycenters. Unlike conventional replication-only
approaches, our scheme employs an optimal transport formulation that jointly optimizes
the coupling and support locations, yielding an equal-weight particle system that best
approximates the weighted empirical distribution in the Wasserstein sense. A Dirichlet
mixing mechanism injects controlled stochasticity, interpolating between a deterministic
transform and OT-informed ancestor sampling. Additionally, when weight degeneracy is mild,
a truncated version of the method offers further computational efficiency. Algorithmically,

we develop a block coordinate descent solver that exploits the problem’s biconvex structure
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with provable convergence guarantees. Theoretically, we derive a non-asymptotic MSE
bound that makes the bias-variance trade-off explicit and reveals that the convergence rate

depends only on the intrinsic dimension of the target distribution.

Empirically, WDR consistently improves filtering accuracy and run-to-run stability, par-
ticularly in higher-dimensional and anisotropic settings. At per-particle propagation costs
above roughly 0.1 ms, the method occupies the Pareto frontier, trading off accuracy and
runtime optimally. Moreover, WDR integrates seamlessly into modern SMC-based diffusion
samplers, boosting conditional image generation across fidelity, coverage, and diversity

metrics—all while remaining computationally competitive.

Several directions are worthy of further investigation. First, it would be valuable to propa-
gate our single-step theoretical guarantee through the full SMC recursion to quantify the
overall filtering error. Second, an adaptive selection strategy for the Dirichlet concentration
parameter 7 would be useful in practice. Third, it is of interest to generalize the truncated
WDR to the severely degenerate high-dimensional scenarios. Finally, the proposed resam-
pling paradigm can extend to broader particle filters, such as the SMC sampler (Dai et al.
2022) and particle MCMC (Andrieu et al. 2009), where geometry-aware rejuvenation may

help reduce path degeneracy and improve mixing.

Supplementary materials The supplementary materials include: a PDF containing
proofs of the theoretical results, additional details, and further numerical results; and a ZIP
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