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Abstract

High-dimensional multiclass classification is challenging since the discriminative
information is often concentrated in low-dimensional structures, while many ob-
served variables are irrelevant or noisy. In particular, different class pairs may
depend on different informative directions, making a single global representation
insufficient for capturing all local discriminative structures. Random subspace and
random projection ensembles address this issue by aggregating classifiers trained
on multiple low-dimensional views, thereby improving stability. However, these
views are typically generated without using label information and may discard
discriminative structure. To address the above limitations, we propose the sufficient
subspace projection ensemble, abbreviated as SSP-Ensemble, for high-dimensional
multiclass classification. For each class pair, SSP-Ensemble learns two supervised
projection bases and combines them to form a pairwise sufficient representation.
Probabilistic weak learners are then trained on these pairwise representations, and
their class probability estimates are aggregated to produce the final multiclass
prediction. We provide a theoretical analysis showing that, under a pairwise SDR
sufficiency condition, the pairwise representations preserve the posterior proba-
bilities used in aggregation. We further establish an excess-risk bound controlled
by the pairwise subspace-estimation errors and the weak-learner log-loss regrets,
which implies Bayes consistency when the sufficient subspaces and weak learners
are consistently estimated. Simulation studies and real-data experiments show that
SSP-Ensemble performs favorably against random projection and other popular
classifiers.

1 Introduction

Multiclass classification in high-dimensional settings has attracted considerable attention in recent
years, with numerous applications in genomics [Yang et al., 2022, Islam and Xing, 2023], image
analysis [Dosovitskiy et al., 2021, Hassani et al., 2023, Belhasin et al., 2026], and text mining [Devlin
etal., 2019, Minaee et al., 2021]. In such problems, the number of predictors often exceeds the sample
size, while the information relevant for classification is often concentrated in a lower-dimensional
structure, with many variables being irrelevant or noisy [Shen et al., 2022, Zeng et al., 2024].
These characteristics make classifiers trained in the original feature space unstable and prone to
overfitting [Shen et al., 2022, Jia et al., 2022]. A common strategy is therefore to construct low-
dimensional representations [Zeng et al., 2024, Cook and Yin, 2001] and combine the resulting
classifiers through an ensemble mechanism [Yang et al., 2023, Ho, 1998].
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Random subspace and random projection ensembles have been widely used for high-dimensional
classification [Vrahatis et al., 2020, Qian et al., 2024, Mo et al., 2023]. By training base classifiers
on multiple low-dimensional views of the data and aggregating their predictions, these methods
can improve stability, reduce variance, and alleviate the computational burden of learning in the
original feature space. However, the candidate subspaces or projection directions are typically
generated randomly and are therefore not explicitly aligned with the label information [Qian et al.,
2024]. As a result, some projected views may discard discriminative structure, especially when the
informative directions are sparse [Zhang et al., 2025, Jin and Luo, 2026], weak, or class-dependent.
To mitigate this issue, more adaptive variants use label information to screen or select informative
subspaces before aggregation. For example, the random-projection ensemble classifier proposed
by Cannings and Samworth [2017] first generates random projections and then retains projections
with small estimated classification error, while RaSE [Tian and Feng, 2021] selects informative
random subspaces in a similar screening spirit. Such screening improves the quality of the retained
low-dimensional views, but the informative directions are still searched within a randomly generated
collection of candidate subspaces.
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Figure 1: Illustration of random projection versus supervised projection. Random projection may
miss the discriminative direction, whereas a supervised projection is aligned with the class structure.

Figure 1 illustrates why random projections may lose discriminatory information. In the original
feature space (left), the red line denotes a supervised discriminative direction, whereas the black
lines denote randomly generated projection directions. Since random projections are independent of
class labels, the projected data may exhibit substantial class overlap when the chosen direction is
poorly aligned with the discriminative structure. By contrast, supervised pair-specific projections
exploit label information to construct low-dimensional representations that better preserve the relevant
discriminative structure.

This limitation is more pronounced in multiclass problems, where discriminative structures are often
heterogeneous across classes rather than globally shared [Hastie and Tibshirani, 1997, Belous et al.,
2021, Oh and Kwak, 2024]. A direction that separates one pair of classes may be uninformative for
another, and the relevant decision boundaries can vary substantially across class combinations [All-
wein et al., 2000, Pawara et al., 2020]. Consequently, a single global subspace, or a collection of
randomly generated subspaces, may fail to capture the local discriminative information needed for
different class pairs.

Motivated by these observations, we propose SSP-Ensemble, a sufficient subspace projection ensem-
ble framework for multiclass classification. Rather than relying on random projections, SSP-Ensemble
learns supervised low-dimensional projections that are tailored to local class structures. The frame-
work decomposes the multiclass problem into class-pair-specific views. For each class pair, two
sufficient projection bases are estimated for within-pair discrimination and pair-versus-rest separation,
and then combined to form a pairwise representation. A probabilistic weak learner is then trained on
each pairwise representation, and the resulting class probability estimates are aggregated to produce
the final multiclass decision.

This paper makes three main contributions. First, we propose SSP-Ensemble, a supervised suffi-
cient subspace projection ensemble for high-dimensional multiclass classification. Unlike random
projection ensembles, SSP-Ensemble learns supervised projections and constructs informative low-
dimensional representations. Second, we develop a pairwise sufficient projection construction that



combines within-pair discrimination and pair-versus-rest separation. These projections preserve local
discriminative information for each class pair and generate multiple pairwise views for ensemble
aggregation. Third, we provide a statistical analysis of SSP-Ensemble. Under a pairwise SDR
sufficiency condition, the population pairwise representations preserve the posterior coordinates used
in probability aggregation. Furthermore, we establish a risk guarantee showing that SSP-Ensemble is
Bayes consistent when the sufficient subspaces and weak learners are consistently estimated.

2 Methodology

We now introduce the proposed Sufficient Subspace Projection Ensemble, abbreviated as SSP-
Ensemble. Building on the motivation above, SSP-Ensemble constructs class-pair-specific low-
dimensional representations that preserve the information needed for local discrimination, and then
aggregates the resulting probabilistic predictions across pairs.

Our construction is based on sufficient dimension reduction (SDR), which seeks a low-dimensional
projection that preserves all information about a response. Specifically, for a predictor X € RP and a
response Y, SDR aims to find a matrix B € RP*? with ¢ < p such that

Y 1L X|B'X.

Under this condition, BT X preserves the response-relevant information in X. For notational
convenience, we call a matrix whose columns span a projection subspace a projection basis. Given a
projection basis B € RP*9, the corresponding low-dimensional representation of 2 € R? is B x.

The overall framework of SSP-Ensemble consists of three stages. First, we enumerate all class pairs.
For each pair (4, j), we learn two SDR-based projection bases: one for within-pair discrimination
and the other for pair-versus-rest separation. These two bases are then combined into a pair-specific
projection basis, which is applied to all observations to produce a low-dimensional representation.
Second, a probabilistic weak learner is trained on each representation. Each learner operates locally
on a different view of the full data, rather than on a restricted binary subset. Third, the probability
estimates from all representations are aggregated class by class to form the final multiclass prediction.

Figure 2 provides an overview of the proposed framework. Stages 1 and 2 are performed on the train-
ing set, where SSP-Ensemble learns the pair-specific projection bases and trains the corresponding
weak learners. At test time, Stage 3 applies the learned projection bases and trained weak learners to
test observations, and aggregates the resulting probability estimates for prediction.
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Figure 2: Overview of the proposed SSP-Ensemble framework. Stages 1 and 2 learn pair-specific
representations and weak learners, while Stage 3 aggregates the resulting probability estimates for
multiclass prediction.



2.1 Pairwise sufficient projection bases and low-dimensional representation

LetDy = {(X;,Y;):i=1,..., N} be an ii.d. training sample from the distribution of a generic
pair (X,Y) e R?P x {1,...,K}. LetZ = {(4,§) : 1 <i< j < K}, |Z| = (12<) denote the set of
class pairs. For each pair (¢, j) € Z, SSP-Ensemble learns pair-specific projection bases from two
local classification tasks.

The first task separates the target pair {7, j} from the other classes. We define the pair-membership
label U;; = 1{Y € {i,j}}. The second task distinguishes class ¢ from class j within the target pair.
Conditioning on the event {U;; = 1}, we define the within-pair label C;; = 1{Y = i}.

We estimate the two projection bases by formulating both local tasks as binary SDR problems. For
each pair (4, j), we learn Efjut € RP*% from the pair-versus-rest label U;;, and learn B;? € RpXaz
from the within-pair label C;; restricted to samples with Y € {7, 5}, where ¢1,¢2 < p. In our
implementation, both bases are estimated by POTD, which is designed to estimate sufficient subspaces
for classification [Meng et al., 2020, Ouyang et al., 2025]. The final projection basis, which we refer
to as the pairwise sufficient projection basis, is obtained by combining and orthonormalizing these
two bases:
W, = orth ([ngut, B;;]) .

The corresponding low-dimensional representation is Z;; = WJX . This representation is designed
to capture both the information needed to identify whether an observation belongs to the target pair
and the information needed to distinguish the two classes within the pair.

Apart from POTD, other SDR methods can also be used provided that they provide suitable subspace
estimation for binary classification tasks.

2.2 A brief overview of POTD

SSP-Ensemble uses POTD [Meng et al., 2020] as the default SDR estimator for the local binary
classification tasks. POTD is a supervised dimension-reduction method designed for classification
problems with categorical responses. Its main idea is to identify projection directions along which
the conditional distributions of the covariates differ most across response classes.

For a binary classification problem, POTD compares the empirical conditional distributions of X
in the two classes through optimal transport. The optimal transport map induces displacement
vectors that describe how observations from one class are transported toward the other class. These
displacement vectors summarize the class-conditional distributional changes of X. POTD then forms
a displacement matrix from these vectors and applies singular value decomposition to this matrix. The
leading right singular vectors are used as the estimated supervised projection directions. POTD can
also be applied in high-dimensional or large-scale settings, where scalable OT techniques are needed
to estimate the underlying transport. Such techniques include projection-based map estimation [Meng
etal., 2019, Zhang et al., 2023, Li et al., 2024, 2025], and sampling-based sparsification methods [Li
et al., 2023a,b, Hu et al., 2025, Ouyang et al., 2026].

Compared with classical SDR methods such as SIR and SAVE, POTD is particularly suitable for
classification tasks because it directly exploits differences between class-conditional distributions.
Classical inverse-regression-based SDR methods often rely on moment-based summaries, such as
conditional means or conditional variances, which may be insufficient when the class differences
are nonlinear, distributional, or not well captured by low-order moments. In contrast, POTD uses
optimal transport to compare the empirical distributions of different classes and extracts directions
from the resulting displacement structure. Therefore, it can capture more general class-discriminative
distributional changes beyond simple mean or variance differences.

This property makes POTD suitable for SSP-Ensemble because both local tasks in our framework are
binary SDR problems. The pair-versus-rest task separates the target pair {7, j} from the remaining
classes, and the within-pair task distinguishes class ¢ from class j. In both cases, POTD identifies
low-dimensional directions that preserve class-discriminative distributional changes. The theoretical
analysis further uses the subspace convergence property of POTD to control the estimation error of
the learned pairwise projection bases. Detailed algorithmic construction and theoretical properties of
POTD can be found in [Meng et al., 2020].



2.3 Weak learners on pairwise representations

For each pair (i,7) € Z, we train a probabilistic weak learner on the learned representation Z”

d

Specifically, the weak learner takes the form ﬁ]‘ : R4 — AK=1 where d;; is the dimension

of Z-j and AK~1 is the probability simplex over K classes. In this paper, we use multinomial
logistic regression, k-nearest neighbors (KNN), and support vector machines (SVM) with calibrated
probabilities as weak learners, because each produces class probability estimates. For a test point z,
we write its fitted probability output for class k as

A7 (@) = fun(Wya), k=1, K

Although the representation is constructed through the specific pair (i, j), the weak learner outputs a
K -dimensional probability vector. In the final aggregation step, only the two coordinates correspond-
ing to classes ¢ and j are used. This keeps all pairwise learners on a common multiclass probability
scale.

Algorithm 1 SSP-Ensemble
1: Input: Dy = {(X,;,Y;) : i = 1,..., N}, the projection dimensions ¢1, g2, and a probabilistic
weak learner.
Construct the class-pair set 7 = {(i,5) : 1 <i < j < K},|Z| = (5).
for each pair (4, j) € Z do
Define U;; = 1{Y € {4,j}} and C;; = 1{Y =i} on {Y € {7,j}}.
By = POTD,, (X, Uy).
B} = POTDy, (X, Cig)-
Wij = Orth([B%}lt, B;?])
Train a probabilistic weak learner ﬁj on WJX .
end for p
For a test point x, compute 8;(z) = 27 >, 709 (1),
Output g(x) = arg maxy, S (z).

TR Y R N AEw

—

2.4 Probability aggregation

The final multiclass prediction is obtained by aggregating the probability outputs from all pairs
involving each class. For class k, define the aggregated score

- 1 ~(k,j)

su(2) = 27— Z w7 (2),
Jii#k

where the superscript (k, j) denotes the stored class pair containing k and j. The final classifier is

glx) = arg max sp(z).

The aggregation is performed at the level of estimated class probabilities rather than hard votes. Thus,
the score for class k£ only combines posterior estimates from pairwise representations that contain
class k. Algorithm 1 summarizes the full procedure of SSP-Ensemble.

3 Theoretical Analysis

In this section, we provide a statistical analysis of the proposed SSP-Ensemble classifier. We use the
notation introduced in Section 2, including the class-pair set Z, the local labels U;; and C;;, and the

learned pairwise representation W;X . For theoretical analysis, we additionally define the collapsed

three-way label !
1, Y =1,
nj = j7 Y = j7
o, Y ¢{ij}



where o denotes all “other” classes.

Let np(z) = P(Y =k | X = z), k = 1,..., K, denote the multiclass posterior probabilities.
The Bayes classifier is g*(z) = min{k : ni(z) = maxi<;<x nj(x)}, and its risk is denoted by
R* = P{g"(X) £ YV},

3.1 Sufficient Representations and Probability Aggregation

Before studying the finite-sample behavior of SSP-Ensemble, we first examine its population-level
representation. We formalize this requirement through the following pairwise SDR sufficiency
condition.

The standard SDR condition [Li, 1991, Cook, 2009] assumes that, for a predictor X € R” and a
response Y, there exists a projection basis W € RP*4, with ¢ < p, such that

Y ILX|W'X.

Under this condition, the conditional distribution of the response is preserved after projecting X
onto the subspace spanned by 1. We refer to such a matrix W as a sufficient projection basis. The
condition includes a trivial full-dimensional case. When g = p, any full-rank W € RP*? gives an
invertible transformation W T X, which contains exactly the same information as X.

In SSP-Ensemble, instead of imposing the above condition on the original multiclass response
globally, we apply the same SDR principle to the collapsed three-way label T;; for each class pair.
This leads to the following pairwise SDR sufficiency condition.

Assumption 1 (Pairwise SDR sufficiency). For every pair (i,j) € Z, there exists a pairwise
projection basis W5 € RP* %3, with q;; < p, such that

Ty L X | (W5)'X.

Assumption 1 is a direct pairwise analogue of the standard SDR condition. It only requires the
existence of a sufficient projection basis for each collapsed three-way response T;;. The case ¢;; = p
is trivially valid, while the meaningful dimension-reduction case is g;; < p.

Proposition 1 (Posterior preservation by pairwise sufficient representations). Under Assumption 1,
for every pair (i,j) € Zand k € {i,j},

P{Y =k | (W)X} =P(Y =k | X)=mn(X) as.

Proposition 1 shows that the pairwise sufficient representation preserves the posterior coordinates
needed for aggregation and therefore introduces no representation bias for SSP-Ensemble.

Corollary 1 (Probability aggregation recovers the Bayes scores). Define the aggregated probability

score )
sp(X) = K_1 Z P{Y =k | (Wijj)TX}a
J:j#k
where (k, j) again denotes the pair containing classes k and j. By Proposition 1, s;.(X) = ni(X)
fork =1,..., K. Therefore,

arg | max sp(X) =9g"(X) a.s.

Corollary 1 shows that under the pairwise SDR condition, the aggregated score coincides exactly
with the original multiclass posterior probability. Hence, the aggregation rule recovers the Bayes
scores and does not contribute any additional bias at the population level.

3.2 Excess risk bound

In practice, neither the sufficient projection basis W, nor the true posterior probabilities are available.
We therefore work with their estimators. For each pair (i,7) € Z, let W;; denote the estimated

o~

projection basis, and define the corresponding projection matrix by F;; = W;; W;



We first clarify how the final excess risk is controlled. For a matrix W & RP*dij  we define the
posterior coordinate induced by the projected representation W ' X as

M (X)=PY =k|W'X).
For each pair (¢, j) € Z, we define the relevant pairwise posterior error by

Bij = E [|78(X) = (0| + [ () = ()]

J

We decompose the pairwise posterior error into three components: weak-learner error, subspace-
estimation error, and representation error. The representation component is zero by Proposition 1.
The full decomposition is provided in the supplementary material.

We next relate the pairwise coordinate errors to the excess risk of the final multiclass classifier. A
standard plug-in comparison argument [Devroye et al., 2013] gives

. « 2
(i,9)€T

Thus, controlling the pairwise posterior errors E;; is sufficient for controlling the final multiclass
excess risk.

Since the projection bases in SSP-Ensemble are estimated by POTD, the required subspace conver-
gence can be inherited from the existing POTD theory [Meng et al., 2020].

Proposition 2 (POTD subspace convergence). Suppose the regularity conditions required for the
POTD subspace convergence theorem hold for both the pair-versus-rest task and the within-pair task.
Then, for every pair (i,j) € Z,

3 —1
E|P; — Pjllp < ciN;; /7,

where N;; is the effective sample size for estimating the pairwise projection basis.

This proposition imports the POTD subspace convergence rate into SSP-Ensemble. To translate
subspace convergence into posterior convergence, we impose the following stability condition.

Assumption 2 (Posterior stability). For every pair (i,j) € T and each k € {4, j}, there exists a
constant L;; > 0 such that
~Wij ~WL*J D *
B [| (%) - g (X)[] < Ly BIB; - Pille.

Assumption 2 can be viewed as a Lipschitz-type regularity condition linking subspace perturbation to
posterior perturbation. Together with Proposition 2, this condition controls the subspace-estimation

term in posterior error decomposition at the rate Nigl/ P,

For the weak-learner term, let r;; ;- denote the excess population log-loss regret of ﬁj on the learned

representation W, X, relative to the optimal posterior predictor based on this representation, and
assume 7;; v — 0. The standard conversion from log-loss regret to posterior ¢; error gives

~(ij W ~(ij W,
E Hﬂ( j)(X) — i (X)’ + ‘7]( J)(X) —Njij (X)H < V/2rijN-
The formal statement and proof are deferred to the supplementary material.

Theorem 1 (Excess risk of SSP-Ensemble). Under the pairwise SDR sufficiency condition, the POTD
subspace convergence bound in Proposition 2, the posterior stability condition in Assumption 2, and
the weak-learner log-loss regret condition, we have

2 )
RG-R < 3 (2L N5 + B
(et

When L;j, c;j, and ri; n are uniformly bounded over pairs and N;; < N, the bound reduces to
R(G) ~ R =0 (KN7 + Ky ),
which implies Bayes consistency whenever N~/? — 0 and 7y — 0.

Theorem 1 shows that the excess risk is controlled by the POTD subspace-estimation rate and the
weak-learner log-loss regret. No additional representation term appears, because Proposition 1 shows
that the population pairwise representation preserves the posterior coordinates used in aggregation.



4 Simulation Studies

We conduct simulation studies under high-dimensional classification settings to evaluate the perfor-
mance of SSP-Ensemble. The two settings cover weak signals with strong noise, nonlinear multiclass
structures, class imbalance, and heterogeneous latent discriminative directions. An additional setting
comparing random projection with SSP-Ensemble is reported in the supplementary material. For each
setting, we randomly split the data into 80% training and 20% test samples, and repeat the experiment
over ten independent runs. We report the mean classification accuracy with standard deviation.

In Setting 1, we consider a five-class problem with imbalanced class sizes (300, 300, 300, 100, 100)
and dimension p = 100. Write X = (XSTig, X o)l Xaig € R X010 € R, The signal part is
generated from a two-dimensional latent variable Z € R?: the first three classes form concentric
rings, while the last two classes are Gaussian clusters. The latent variable Z is expanded into ten

signal coordinates, and the remaining coordinates are generated as independent Gaussian noise.

In Setting 2, we consider a three-class problem with K = 3, n = 1500, and p = 10. The labels are
determined by two latent discriminative directions, Z; = 0.8X7 + 0.6 X5, Zo = —0.4X3 + 0.2X4 +
0.9X5. The class label is assigned according to the sign pattern of (Z;, Z):

0, Z1<0, Zy <0,
Y = 17 Z1205Z2207
2, Z1Zy < 0.

We compare SSP-Ensemble with standard classifiers trained in the original feature space, including
logistic regression (LR), KNN, SVM, random forest (RF), and XGBoost. For SSP-SVM, we use
SVM with calibrated class probability outputs, and these probabilities are used in the final probability
aggregation step. We also include projection- and subspace-based competitors, including RaSE [Tian
and Feng, 2021], and the random-projection ensemble classifier of Cannings and Samworth [2017],
denoted by JRSSB-RP. For SSP-Ensemble we examine different choices of weak learners, which we
refer to as SSP-KNN, SSP-LR, and SSP-SVM. Details are provided in the supplementary material.

Table 1: Classification accuracy in simulation studies. Entries are mean accuracy with standard
deviation in parentheses.

Setting SSP-LR SSP-KNN SSP-SVM  JRSSB-RP RaSE LR KNN SVM RF XGBoost

Setting I 40.59(3.72)  90.77(1.70)  92.27(1.63) 64.45(3.12) 91.64(1.53) 40.18(1.62) 51.36(2.94) 59.41(3.32) 91.59(2.26) 91.91(1.17)
Setting 2 72.67(2.85) 91.63(1.39) 91.73(1.86) 76.70(2.74) 90.17(1.91) 72.57(2.15) 71.77(3.01) 85.80(1.53) 89.03(2.31) 89.07(2.11)

Table 1 reports the classification results. Across both settings, SSP-SVM achieves the highest
accuracy, supporting the effectiveness of the proposed SSP-Ensemble framework when combined
with a nonlinear weak learner. Compared with JRSSB-RP, both SSP-KNN and SSP-SVM obtain
substantially higher accuracy. This suggests that SSP can preserve discriminative information
more effectively than random projection in these settings. In particular, SSP-KNN and SSP-SVM
substantially outperform the corresponding KNN and SVM classifiers trained in the original feature
space.

The relatively poor performance of SSP-LR and LR is also consistent with the data-generating mecha-
nisms. Both settings involve nonlinear class structures, so linear classifiers are not sufficiently flexible
to capture the underlying decision boundaries even after dimension reduction. By contrast, SSP-SVM
benefits from both the supervised pairwise sufficient projections and the nonlinear classification
ability of SVM.

5 Real Data Applications

We further evaluate SSP-Ensemble on real-world datasets from the UCI Machine Learning Repository
and OpenML [Asuncion and Newman, 2007, Vanschoren et al., 2014]. The datasets include high-
dimensional sparse text data and heterogeneous numerical feature representations. Table 2 summarizes
the sample size, dimension, and number of classes for each dataset.

CNAE-9 and 20Newsgroups are high-dimensional sparse text datasets. The 20Newsgroups dataset
originally contains documents from 20 topic categories. To construct a moderately sized multiclass



Table 2: Summary of real-data datasets.

Dataset Number of samples Dimension Number of classes
CNAE-9 1080 856 9
MFEAT 2000 649 10
20Newsgroups 9351 2000 10

high-dimensional text classification task, we randomly select 10 categories. After vectorization, the
resulting dataset contains 9,351 observations and 2,000 features. For reproducibility, the selected
categories and the additional results on the full 20-class dataset are reported in the supplementary
material. MFEAT contains handwritten digit samples represented by multiple feature groups.

We compare SSP-Ensemble with the same set of baseline methods as in the simulation studies, and
all methods are evaluated using stratified five-fold cross-validation.

Table 3: Real data results: classification accuracy. Entries are mean accuracy with standard deviation
in parentheses.

Dataset SSP-LR  SSP-KNN  SSP-SVM  JRSSB-RP RaSE LR KNN SVM RF XGBoost
CNAE-9 95.45(0.83) 90.37(1.44) 94.54(1.44) 90.74(236) 77.22(3.33) 90.83(2.69) 84.81(3.81) 85.83(2.75) 91.48(1.93) 90.56(1.45)
MFEAT 98.25(1.08) 96.55(1.08) 98.15(0.80) 97.15(1.17) 97.30(0.29) 97.85(0.93) 96.65(0.78) 97.75(0.47) 96.50(0.83) 96.35(0.99)
20Newsgroups  73.71(132) 66.96(1.12) 74.55(0.95) 71.80(1.58) 50.99(2.00) 63.73(2.01) 20.37(1.11) 72.76(1.26) 68.96(1.24) 70.88(1.24)

The results are summarized in Table 3. SSP-Ensemble achieves the highest accuracy on all three
datasets, with SSP-LR performing best on CNAE-9 and MFEAT, and SSP-SVM performing best
on 20Newsgroups. Compared with JRSSB-RP and RaSE, SSP-Ensemble consistently yields higher
accuracy on these datasets. This suggests that supervised sufficient projections can preserve more
discriminative information than randomly generated or screened subspaces on these datasets.

The comparison with the original-space classifiers further supports the benefit of the SSP represen-
tation. For each weak learner, the corresponding SSP variant improves over its direct counterpart,
indicating that the learned pairwise representations provide more informative inputs for classification
than the original features. This is consistent with the motivation discussed in the introduction. In
multiclass problems, discriminative structures may vary across class pairs, and a single classifier
trained on the full feature space may not effectively capture these local structures. By constructing
pairwise sufficient projections, SSP-Ensemble better preserves the relevant local discriminative
information in these datasets.

SSP-Ensemble also outperforms RF and XGBoost on all three datasets. These results indicate that
the proposed framework benefits not only from ensemble aggregation, but also from constructing
supervised pairwise representations. These experiments support the effectiveness of SSP-Ensemble
for high-dimensional multiclass classification.

6 Conclusion

In this paper, we proposed SSP-Ensemble, a sufficient subspace projection ensemble framework
for high-dimensional multiclass classification. The method learns supervised class-pair-specific
projections by combining within-pair discrimination and pair-versus-rest separation, and aggregates
probabilistic weak learners trained on the resulting pairwise representations.

We showed that, under a pairwise SDR sufficiency condition, the population pairwise representations
preserve the posterior coordinates used for aggregation. An excess-risk bound further implies Bayes
consistency when the sufficient subspaces and weak learners are consistently estimated.

Simulation and real-data results show that SSP-Ensemble performs favorably against random projec-
tion, RaSE, and standard classifiers, particularly when discriminative structures are low-dimensional
and class-dependent. Future work includes incorporating other supervised SDR estimators, adaptively
selecting projection dimensions and weak learners, and extending the framework to structured data
such as time series or functional observations.
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