arXiv:2509.18024v2 [stat.ME] 11 Nov 2025

Core-elements Subsampling for Alternating
Least Squares

Dunyao Xue
Institute of Statistics and Big Data,
Renmin University of China, Beijing, China
Mengyu Li*
Department of Statistics and Data Science, Tsinghua University, Beijing, China
Jingyi Zhang
School of Science, Department of Mathematics
Beijing University of Posts and Telecommunications, Beijing, China
Cheng Meng
Center for Applied Statistics, Institute of Statistics and Big Data,
Renmin University of China, Beijing, China.

Abstract

In this paper, we propose a novel element-wise subset selection method for the
alternating least squares (ALS) algorithm, focusing on low-rank matrix factorization
involving matrices with missing values, as commonly encountered in recommender sys-
tems. While ALS is widely used for providing personalized recommendations based
on user-item interaction data, its high computational cost, stemming from repeated
regression operations, poses significant challenges for large-scale datasets. To enhance
the efficiency of ALS, we propose a core-elements subsampling method that selects a
representative subset of data and leverages sparse matrix operations to approximate
ALS estimations efficiently. We establish theoretical guarantees for the approximation
and convergence of the proposed approach, showing that it achieves similar accuracy
with significantly reduced computational time compared to full-data ALS. Extensive
simulations and real-world applications demonstrate the effectiveness of our method in
various scenarios, emphasizing its potential in large-scale recommendation systems.
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1 Introduction

Recommender systems are designed to provide personalized suggestions to users by modeling
their preferences over items (Lii et al., 2012; Bi et al., 2017; LeBlanc et al., 2024). These
systems utilize explicit feedback, such as user ratings, and implicit feedback, including user
activities such as purchasing, viewing, or searching for items.

Matrix factorization (MF) techniques have become fundamental in developing effective
recommender systems (Lee and Seung, 2000; Sun and Luo, 2016). Among these, alternating
least squares (ALS) (Zhou et al., 2008; Jain et al., 2013; Takacs and Tikk, 2012) is a robust
MF algorithm capable of handling both explicit and implicit feedback data. Unlike the
classical singular value decomposition (SVD) (Klema and Laub, 1980; Abdi, 2007; Zhao,
2024), ALS efficiently manages missing values in the user-item matrix, thereby improving its
applicability in a broader range of real-world scenarios.

Despite its effectiveness, low-rank matrix factorization using alternating least squares can
be computationally intensive due to the numerous regression operations required, particularly
when dealing with large initial matrices. For instance, given an initial matrix R € R™=*"m
the time complexity of ALS algorithms is O (n} (nnz(R) + nsn, + nsng) ny) (Zhou et al.,
2008), where ny denotes the rank of the decomposed low-rank matrix, n, represents the
number of iterations, and nnz(-) denotes the number of non-zero elements of a matrix.

An effective strategy to improve computational efficiency is to estimate the model on
a subset of observations, commonly referred to as the coresets approach, subsampling, or
subset selection. By strategically selecting representative observations using methods such
as leverage scores (Ma and Sun, 2015; Ma et al., 2014; Han et al., 2025; Zhong et al., 2023;
Shimizu et al., 2023), influence functions (Ting and Brochu, 2018), predictive inference-based
subsampling (Wu et al., 2024), various optimality criteria (Wang et al., 2018; Yu et al., 2023;

Wang et al., 2019), and other probabilistic or deterministic techniques, coresets substantially



reduce computational burdens while retaining most of the information in large datasets.
These approaches have proven effective across a range of statistical learning tasks, including
least squares regression (Ma et al., 2014; Ma and Sun, 2015; Ting and Brochu, 2018; Meng
et al., 2017; Drineas et al., 2006; Wang et al., 2019, 2021; Ma et al., 2022), generalized linear
models (Wang et al., 2018; Ai et al., 2021; Yu et al., 2022, 2024), nonparametric regression
(Ma et al., 2015; Meng et al., 2020, 2022; Zhang et al., 2024), quantile regression (Wang
and Ma, 2021; Ai et al., 2021), model-free methods (Meng et al., 2021; Yi and Zhou, 2023),
machine learning (Wang et al., 2018; Han et al., 2025), time series analysis (Xie et al., 2019,
2023), and optimal transport (Li et al., 2023; Hu et al., 2024; Li et al., 2023). Beyond the
computational benefits, coresets play a pivotal role in measurement-constrained problems
(Zhang et al., 2023; Meng et al., 2021) and privacy-preserving contexts (Wang et al., 2019;
Balle et al., 2020). For a comprehensive overview, we refer readers to Li and Meng (2020)
and Yu et al. (2024).

There have been several efforts to accelerate the alternating least squares algorithm
through subsampling techniques. Pan et al. (2008) introduced a sampling ALS ensemble
method that repeatedly samples elements from the rating matrix according to a predefined
probability distribution, applies ALS to each sampled matrix, and then aggregates the results
through weighted averaging. Furthermore, Cheng et al. (2016) used a row sampling strategy
based on leverage scores (Han et al., 2025; Ma et al., 2014) to improve the efficiency of ALS
for tensor data. However, these sampling approaches exhibit some limitations. Element-
wise sampling directly from the rating matrix can result in substantial information loss, and
leverage score-based sampling incurs high computational costs due to the need to compute
leverage scores. Although approximations of sampling probabilities can alleviate some of
this computational burden, they often compromise accuracy. Therefore, we aim to develop
a novel sampling method that significantly accelerates the traditional ALS algorithm while

preserving high accuracy.



Beyond sampling techniques, various methods have been proposed to accelerate ALS. For
example, Zhou et al. (2008) used parallel computing to reduce the computational costs associ-
ated with repeated regression operations. Pildszy et al. (2010) applied the Sherman—Morrison
formula (SMF) to accelerate computations. Additionally, Hastie et al. (2015) explored the
relationship between matrix completion and singular value decomposition, proposing a new
iteration formulation for ALS. However, these approaches are beyond the scope of this paper,
as sampling algorithms do not modify the core structure of the ALS algorithm and can be
integrated with other acceleration techniques. Consequently, our focus is on developing ad-
vanced sampling algorithms within the fundamental ALS framework, rather than introducing
entirely new algorithmic formulations.

In recommender systems, we observe that both non-negative matrix factorization and
matrix factorization with regularization terms tend to produce low-rank matrices with a large
number of small values, resulting in numerical sparsity, as illustrated in Fig. 1. Sampling rows
from such numerically sparse matrices, U or M, can be significantly inefficient because most
sampled elements are not informative. In contrast, the core-elements approach (Li et al.,
2024), an element-wise subset selection method specifically designed for sparse matrices in
linear and nonparametric regressions, effectively addresses this limitation by preserving the
most informative components in the data. Our extensive experimental results indicate that
ALS often exhibits similar numerical sparsity characteristics as shown in Fig. 1. Therefore,
extending the core-elements method to the ALS framework can be an effective solution to
address this challenge.

Building on the foundations laid by these previous studies, in this paper we propose
an efficient and scalable approach for approximating alternating least squares estimation in
matrix factorization.

Major contributions. We summarize our contributions as follows.

First, we propose a novel core-element sampling framework Core-ALS for alternating least
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Figure 1: Tlustration of matrix factorization. Values less than 5% of the maximum value are displayed as

white, showing that both U and M are numerically sparse.

squares that selects important entries from the entire matriz and couples this with sparse ma-
trix operations at each regression step. This formulation efficiently approximates penalized
least squares estimation and fully uses the information in the rating matrix R. Second, we
establish theoretical guarantees for the iterative setting. We derive per-iteration (1+4¢€) approx-
imation bounds for the sketched regressions and show convergence of the Core-ALS method
under mild conditions. Time complexity reductions specific to alternating updates and sparse
matrix multiplications are also provided. Third, we further improve the computational effi-
ciency of Li et al. (2024a) and Li et al. (2024b). We integrate partial quicksort (Martinez,
2004) into our Core Sparse Matriz Multiplication so that thresholding-and-sampling is per-
formed on the fly, which avoids full sorting and yields substantial computational speedups.
Moreover, we develop a fast variant of Core-ALS that substantially lowers the computational
cost. Fourth, we show superior accuracy and efficiency from experiments. Extensive simula-
tions confirm the method’s effectiveness and efficiency for both model fitting and prediction,
with particularly strong results on classical recommendation metrics including NDCG@k and
Hit@k.

The remainder of this paper is organized as follows. In Section 2, we introduce the
alternating least squares algorithm and core-elements for penalized regression splines. Sec-

tion 3 develops the core-elements algorithm for ALS, and Section 4 discusses its theoretical



properties. We then assess the performance of the proposed estimator through extensive
experiments on synthetic and real-world data in Sections 5 and 6, respectively. Addi-
tional details omitted from the main text and technical proofs can be found in the Sup-
plementary Material. All R code used to reproduce the results in this paper is available at

https://github.com/sapphirexdy.

2 Background

Here we summarize the notation used throughout the paper. Specifically, matrices are repre-
sented by uppercase boldface italic letters, such as X, while vectors are denoted by lowercase
boldface italics letters such as @. Scalars are represented using regular, non-bold typefaces.
For any vector x, we denote its ¢, norm by ||z||,, and its Euclidean norm (i.e., the {5 norm) is
abbreviated as ||x||. When referring to matrices, the spectral norm is represented by || X |2,

and the Frobenius norm is denoted as || X ||¢.

2.1 Alternating Least Squares Algorithm

Consider a sparse’ rating matrix R = (r;;) € R™*" representing n, users and n,, items,
and a chosen implicit vector dimension ny. The objective is to find two factor matrices
U € R™*" and M € R™*" such that the relationship R = UM ' holds in the absence
of missing values.

More specifically, let U = (u;), where u; € R (i = 1,...,n,) denotes the ith row
of U, and let M = (m;), where m; € R™™ (j = 1,...,n,,) is the jth row of M. If the

non-missing values of R are fully predictable and ny is sufficiently large, we could expect

!Here, the term “sparse” does not refer to a matrix with a large number of zero elements, but rather to

one with a large proportion of missing values.
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that

Tij = ’Unm]T V(i,7) € [nu] X [nm).

In practice, to estimate U and M, the alternating least squares algorithm minimizes the

empirical loss:

em, 1 T2
L p(R,U,M) = ﬁ Z (Tij —uimj) ,
(i,5)el
where I is the index set corresponding to the non-missing values of R and n = |I].

To prevent overfitting, a common approach is to append a Tikhonov regularization term

(Tikhonov, 1977) to the empirical risk:
LY(RU M) = L™ (RU, M)+ A (|UTy|” + | MTa]*) (1)

for certain suitably selected Tikhonov matrices I'y and T'py.

Among the various types of regularization terms, the weighted A-regularization works well
empirically, preventing overfitting even as the number of features, ny, or the number of ALS
iterations increases (Zhou et al., 2008). Therefore, we focus on the regularized formulation

(1) of ALS. In the rest of this paper, ALS refers to the following objective function:

fU,M)= Z (ri; —uiij)QjL)\(Znui

(4,5)€l

will? 4 i, 12, (2)
J

where n,, and n,,; denote the number of ratings of user 7 and item j, respectively. This
corresponds to taking I'yy = diag (\/W) and I'py = diag (\/n_m]) in (1).

Let f(U, M) take the partial derivatives for U and M, respectively, the specific iteration
format of alternating least squares algorithm can be obtained as follows:

Step 1 (Initialization). Initialize matrix M randomly and let M =M.

Step 2 (Update U). Fix M and solve for U by (3):

~T —~ -1 _—
i = (M,,UM,Z,U+AnuiE> MLR(i,1Y), Yi=1,. . n, (3)



where Y denotes the set of indices of non-missing values in the ith row of R, M v denotes
the sub-matrix of M where rows r € IV are selected, and R (¢,17) is the row vector where
columns j € IV of the ith row of R are selected. E is the ny x n; identity matrix.

Step 3 (Update M)). Fix U and solve for M by (4):
T ~1 .
m; = (UITMUIJ,M + A, B) U R(D5), i =1, . (4)

Similarly, I JM denotes the set of indices of non-missing values in the jth column of R, U ™
denotes the sub-matrix of U where rows r € [ ]M are selected, and R(I JM , j) is the column
vector where rows i € I of the jth column of R are selected.

Step 4 (Iteration). Repeat Steps 2 and 3 until the stopping criterion is satisfied.

The sequence of achieved errors (2) is proved monotone non-increasing and bounded

below, hence this sequence converges (Lee and Stoger, 2023).

2.2 Core-Elements For Penalized Regression Splines

In large-scale data analysis tasks, various subsampling techniques such as uniform subsam-
pling (Zhang et al., 2023), leverage-based subsampling (Ma and Sun, 2015; Zhong et al.,
2023; Shimizu et al., 2023), and optimal information-based subsampling (Wang et al., 2019;
Wu et al., 2024; Yu et al., 2023) have been extensively studied and widely employed. These
methods effectively reduce computational costs and have shown strong performance in prac-
tice.

Beyond these row-wise sampling approaches, Li et al. (2024a) proposed the core-elements
method for approximating the ordinary least squares (OLS) estimation in linear models. To
approximate the OLS estimation B = (X" X)'X "y, where y € R" is the response vector
and X € R™P? is the covariate matrix, the core-elements method constructs a sparse sketch
X" € R of X. Specifically, given a sampling budget s € Z, , let P € R" P be a

binary matrix containing s ones and (np — s) zeros. The sparse sketch X ™ is then formed by



X" = P ©® X, where ® denotes the element-wise product. Based on the sparse sketch, the
core-element estimator B = (X TX )1X *Ty was proposed, motivated by the unbiasedness
of the estimation. This approach was later extended to nonparametric additive models by Li
et al. (2024b), which approximated the penalized least squares (PLS) estimation of regression
splines, taking the form

B=(XTX+8,) Xy, (5)

where S is a penalty term related to the smoothing parameter .

Subsequently, an upper bound on the estimator’s variance is derived and approximately
minimized, yielding the principle of core-element selection. Concretely, the sparse sketch
X" retains at most s non-zero entries by keeping the [s/p] largest absolute values in each
column of X and zeroing out the rest. The resulting core-elements estimator provides theo-
retical approximation guarantees relative to the full-sample PLS and outperforms established

subsampling methods in empirical studies.

3 Methods

In Section 2.2, we introduced the core-elements approach designed for penalized regression
splines. Notably, the iterative form of the alternating least squares (ALS) algorithm closely
resembles that of penalized regression splines, suggesting the potential application of the
core-elements method to ALS. Nonetheless, this extension is not straightforward mainly for
three reasons.

Firstly, the formulation of penalized regression splines differs from that of ALS, necessi-
tating the development of a new estimator tailored to the ALS framework. Additionally, ALS
involves multiple regression computations, and mitigating computational complexity requires
continuous sampling operations, which invariably incur significant time costs. This highlights

the need for more efficient algorithms to optimize the sampling process. Moreover, the core-



elements method is inherently designed for sparse matrices, whereas the matrices involved
in ALS are typically dense. This disparity underscores the need to evaluate the applicability
and effectiveness of the core-elements approach within the context of dense matrices. Thus,
directly applying the core-element algorithm to each regression step may inadvertently reduce
the overall efficiency of the ALS algorithm, thereby necessitating careful algorithmic design.

In this section, we present our main algorithm. We first develop the core-elements esti-
mation for ALS and introduce the principle of selecting core-elements motivated by approxi-

~ (¢
mately minimizing the upper bound for the mean squared Frobenius norm error of U( ) and

M( ) in each iteration.

Core-elements estimation. Inspired by the formulation (5), we propose an approxi-

—~(t ~ (£)*
mation for the ALS estimation (3) and (4) based on sparse sketches M 53 and U% in each
i J

iteration, taking the form:

wl
G = (MY Mo 4w B) MY RT (5,1V), for i=1,... m, 6
I; I; I; ¢

Z

MY = (UIZT” U,'El + A, B 1UfJ1 R(IMj), for j=1,... nm (7)

—(0 — () —~—(t
where (t) denotes the tth iteration and M EU) = M v. We assume that M gl)J M EU) + A, E

*T o~
and U% UItM + Ay, E are of full rank. Based on the formulations in (6) and (7), our

—~(t)* ~ (1)*
goal is to iteratively find the sketches M 33 and U§1_31 that approximately minimize the
i J

expectation of the mean squared frobenius norm error (MSFE) of o = (ugt), e ,GSZ)T

and M © (ﬁ?), .. ,ﬁg; )", respectively, as defined by:

~ (t)

MFSE (U") =£(|0" - ZE I — ui”?), (8)
~ (1) ~ (1) N

MFSE (M) =E([M" - MO|[}) = S E(Im - m{"|?). (9)

where U = (ugt), uﬁfZ) and MY = (mgt), ,mY) )" represent the ground truth

m

values of U and M at the tth iteration, respectively.

10



Considering that it is challenging to directly minimize (8) and (9), we provide upper
bounds for MFSE (ﬁ(t)) and MFSE (M (t)) in Proposition 1 and aim to minimize these

upper bounds instead.

~(t) —~(t)*
Proposition 1. Let (t) denote the tth iteration and Lg} = MEJ — ME,J . Taylor expansions

0fIE(||’U,§t+1) — u(t+1)||2) at Lg) near the origin provide an upper bound for MFSE (ﬁ(t)).

i i

MFSE (0") < v + BY,

where
v =3 o {[1+0 ()] (1M DY + IDYIRILEIE) + 0 () TH(DE)
i=1
and
BY =3 [1+0 (4)] A, DV
i=1

Here, the terms fo) and Bq(f) represent the upper bounds of the variance and the squared

bias, respectively. The matriz D&) is defined as

T — -1
D\ = (Mﬁ? MY+ /\nuiE) ,

and the spectral radius is given by

T
0 = 1)

7

~(t)
MIiU ||27
which is assumed to satisfy ”yf,(f) < 1 to ensure the convergence of the matriz series.

—~(t
Similar to Proposition 1, we also yield an upper bound for the MFSE (M ( )) and the

specific form of this upper bound can be found in the Appendix. Given the analogous forms
—~(t

of MFSE (ﬁ(t)) and MFSE (M( )), we focus our analysis solely on MFSE (ﬁ(t)). According

to Proposition 1, the upper bound of the MFSE (ﬁ(t)) decreases as both ||Lg)||F and the

11



)

spectral radius %) diminish. Specifically, the spectral radius v( can be further bounded as

follows: for i =1,...,n,,
t O @\ Y2
) < IDG M L < D AT e (v a2 )"
1,...ny
where L ” denotes the jth column of L . This inequality indicates that a smaller maximum

column norm of L( leads to a smaller % . Consequently, to minimize the upper bound of
MFSE (U ) it is essential to maintain both ||L || 7 and the column norms of LU at minimal
levels.

This requirement motivates a core-elements selection criterion similar to those proposed
in Li et al. (2024a) and Li et al. (2024b). Specifically, for each i, given a subsampling rate
r, the sketch M (12 is constructed by retaining ||[IV] x r| elements with the largest absolute
values in each column of M % and setting the remaining elements to zero. Intuitively, this
approach ensures that L . has approximately minimal column norms for each column. As a
result, both HLS) | and HLUZ, ||l2 are approximately minimized, thereby achieving a relatively
small upper bound for the MFSE (fj (t)) as stated in Proposition 1.

Similarly, to minimize the upper bound of MFSE (M (t)), we adopt an analogous core-
elements selection criterion: for each j, given a subsampling rate r, the sketch ﬁ'g& is
constructed by retaining ||I}| x r| elements with the largest absolute values in each column
of U %\)4* and setting the remaining elements to zero. This strategy also ensures that Lg\ff)j
maintains approximately minimal column norms for each column, thereby minimizing both
||L§\?j |F and ||L§f4)j |l2. Consequently, the upper bound of the MFSE (M (t)) is kept relatively
small.

We have also implemented a version using a fixed subsample size to ensure applicability
across diverse experimental settings, and further compared row-wise and block-wise variants

with the original column-wise scheme to demonstrate the advantages of column-wise core-

elements sampling; see our Appendix for details.
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According to the core-elements selection criterion abovementioned, Algorithm 1 provides

the specific form of core-elements subsampling algorithm, which will be used in the acceler-

ation of ALS.

Algorithm 1: Core-elements subsampling algorithm (CES)

1:

2:

3:

Input: X = (z;;) € R™? | subsampling rate r € (0,1)

Initialize S = (0) € R™*P

For j=1,...,pdo

Let J = {iy,...,is} be an index set , s = X n, s.t. {|xiqj‘}::1 are the s largest ones

among { ||},

cLet s, ;=1,q=1,...,s

End for
Let X* =S ® X where ® represents the element-wise product

Return X*

Combining the abovementioned procedures, Algorithm 2 summarizes the Core-ALS method,

which uses the core-elements subsampling method to construct the sparse sketch for every

regression. Schematic of the Core-ALS method is shown in Fig. 2.
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Algorithm 2: Core-ALS

1: Input: rating matrix R € R"*" implicit vector dimension n, subsampling rate r
2: Initialize Matrices M with ranks of ny and let M v =M

3: Repeat

4: For i1=1,...,n

5. Construct the sparse sketch: M SU) = CES(M (tL)f, T)

6:  Update ﬁgtﬂ) with (6)

7. For j=1,...,n,:

8:  Construct the sparse sketch: U Itz\}rl = CES(U It;gl ,T)
9:  Update m m ) with (7)

10: Until Convergence

11: Return U and M

- -- .I-..- -- u
: = m X
u; = LB 1

Y Az An,, E Ay RT (i, I7)

U b3
I;

Figure 2: Schematic of the flow of the Core-ALS.

In Algorithm 2, selecting elements of the ﬁ(t) or M © slices before each regression step
can lead to some time loss during execution. To mitigate this issue, we optimized the sam-
pling algorithm by employing Partial Quicksort (Martinez, 2004) to sort the elements based
on their magnitudes (see Appendix for details). This optimization ensures that our sam-

pling process remains nearly lossless in the case of large-scale matrices. We reported sorting

14



costs in the Appendix to show the efficiency of our sorting procedure. Furthermore, our
method provides a distinct advantage over alternative techniques that require computing
sampling probabilities, such as leverage score-based sampling, which often incur substantial

computational costs.

= [ -

: -- ] i
27 . — || X + X X
u; - || |

- = K - - N

Figure 3: Fast variant of the Core-ALS.

In addition, we introduce a fast variant of the algorithm, which performs sampling on ﬁ(t)
and M © before each iteration rather than repeatedly sampling on [721\)4 and M 52 While
this approach does not guarantee exact adherence to the specified sampling ratio, it ensures
that the time complexity does not exceed that of the original algorithm. Our experimental
results suggest that this variant significantly lowers the sampling overhead while maintaining
relatively high accuracy. Schematic of the fast variant of the Core-ALS is shown in Fig. 3
and a detailed description of this method is provided in the Appendix.

Moreover, the core-elements estimation proposed here is specifically designed for the
explicit-feedback ALS. To extend core-elements estimation to the implicit-feedback setting,

we combine it with the implicit-feedback variant of ALS in the Appendix and provide the

corresponding experiments.
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4 Theoretical Results

In this section, we first demonstrate that the core-elements estimation achieves the (1 + ¢)-
approximation w.r.t. the full sample estimation (3) and (4). Then, we show the convergence
of the algorithm. Finally, the time complexity of the two proposed algorithms is given.

Technical proofs are provided in the Appendix.

4.1 Approximation Guarantee

Theorems 1 and 2 provides non-asymptotic relative error bounds for the proposed core-
clements estimation u; and m; in each iteration, respectively.

—~(t)* —~(t . i
Theorem 1. Let M% be the sparse sketch of M;g, and recall 'u,l(t“) defined in (6). Suppose

—~(t)* —~(t)

HMIU ~ My ||, <€, ||
where )
(t) B
1 o+ 1
0<€, < |1+ on w|
O (VTFen — DRSSE@™)

Under these conditions, we have

IR (1,17) = Mypal™|[* < (1 + ) |RT (0, 1) — Mypal*) | (10)
In (10), ) = HMIU

M}}A (t+1) H/HRT (z ]U) H is the relative sum of squares error (RSSE) of the full sample es-

e

— ()T —~(1) -

and RSSE (@) = |RT (i, 1V) -

2

timation u,

Theorem 2. Let lN]jM be the sparse sketch of U, and my; be defined in (7). Under

conditions stmilar to those in Theorem 1, we also have
, ~ (t41) , (t+1)
|IRTG.I) ~ T w2 < (L4 e)|[RTG 1Y) - O w2 (1)

The complete version of this theorem can be found in the Appendiz.
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Theorems 1 and 2 indicate that to achieve the (1+¢)-approximation, Algorithm 2 requires

sketches M;tg and ﬁz};l) such that the ratios ||]\N4§2 — Mﬁ‘b/“ﬁ% and HUItz\erl —
Uﬁfrl) || /H t+1 H are O (61/2), respectively.
4.2 Convergence Guarantee

—~(t)*

Theorem 3. We use the superscript (t) to represent the tth step of the iteration. MIU 18

—~(t ~ )* 1)
the sparse sketch of M;U) and uEtH) is defined by (6). UIM 1s the sparse sketch of UItz;r
7 J
and mg-tﬂ) is defined by (7). €, €, €., €, are defined in Theorems 1 and 2, respectively.

Suppose the full sample estimator’s convergence rate is C. When C satisfies C' < min{1/(1+

), 1/(1 4+ e,)}, €, and €, always satisfy conditions in Theorems 1 and 2, i.e., are O(e'/?).

We have
SR G - O < SR ) - B )
Z IR (. Mg) (t+1)H < Z [Fza (j, I MY _ U%Ngt)HQ. (13)

Combining the equation (12) and equation (13), we have

Nm

Z HRT (j, []M) (t+1 t+1)“ < Z ”RT ]7 UIMm(t)‘

2

)

1.€.,

LR, U, M) < £r9(R,U, M),

Under these conditions, the error function is monotonically decreasing, so the algorithm

CONVETgeES.

Theorem 3 indicates that as long as the full sample estimator’s convergence rate is small
enough and the sampled matrix closely approximates the original matrix, Core-ALS achieves

convergence.
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4.3 Time Complexity Analysis
Theorem 4 provides specific time complexity for the proposed core-elements ALS method.

Theorem 4. Suppose r is the subsampling rate, nnz(R) is the number of non-missing values

wn the rating matriz R. For the Core-ALS method, each step of updating U takes
O (nyg (nnz(R) x (rns) +niny)) .

while each step of updating M takes
O (ng (nnz(R) x (rng) +nfng)) .

If the Core-ALS method takes a total of n, rounds to stop, it runs in time

O (nyg (nnz(R) X (rng) 4 nfng, +njn,) ng) . (14)

Theorem 4 shows that Core-ALS substantially reduces the computational cost of ALS.
When the sampling probability is sufficiently small, the overall time complexity of the algo-

rithm can reach O (ni} (N + 1) nt).

5 Simulation Studies

In this section, we evaluate the performance of the Core-ALS method using synthetic data.
We use CORE to refer to the estimator in Algorithm 2. For comparison, we consider several
state-of-the-art subsampling methods including uniform subsampling (UNIF), basic leverage
subsampling (BLEV) (Ma and Sun, 2015; Cheng et al., 2016). We have also compared with
two production-grade speed-up baselines, SparkALS (Winlaw et al., 2015) and SGD-ALS, in
the Appendix. All experiments were implemented using the R programming language on a

server with 256 GB RAM and 64 cores Intel ® Xeon ® Gold 5218 CPU.
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5.1 Estimation Accuracy under Different Parameter Settings

To construct a low-rank rating matrix R, we first generate two low-rank factor matrices U
and M and then form an initial low-rank matrix R° = UM before sparsification. The
factor matrices U and M are generated from one of the following widely used multivariate
distributions:

D1. multivariate normal distribution, N (0, X);

D2. multivariate log-normal distribution, LN (0, X);

D3. multivariate t-distribution with 4 degrees of freedom, #4(0,X), where ¥ = (0;;) €
RP*P is a covariance matrix with o;; = 0.6 fori,j=1,...,p.

After constructing the initial low-rank matrix R°, we add Gaussian noise ¢;; ~ N (0, 1)
to each entry to introduce stochastic perturbations. Subsequently, we randomly remove a
proportion of the entries to achieve a prescribed sparsity ratio a. Specifically, we randomly
select (1 — a) x 100% of the entries and set them to NaN. We consider a € {0.4,0.5,0.6,0.7},
which correspond to rating matrices denoted by R1 through R4, respectively. Note that R1
represents a relatively dense matrix, while R4 is relatively sparse.

We fix the size of the rating matrix as (n,,n,) = (3600,3600) and choose the implicit
vector dimension ny = 60. For the three subsampling methods, i.e., UNIF, BLEV, and
CORE, we select a subsampling rate r € {0.1,0.15,0.2,0.25} for each regression problem.
Under these chosen subsampling rates, all three methods maintain theoretically comparable
time complexity.

Due to the sparsity of the rating matrix, we take the position of the non-missing value
as the empirical set and the position of the missing value as the prediction set. We calculate

the empirical relative mean squared error (ReMSE) for each of the estimators based on one

19



hundred replications, i.e.,

100 EEC
ReMSE(R) = — 3 V er (i = 72p)
10075 > (i ')eﬂ”'jz ’

= i,j i

where [ represents the set of non-missing value locations, 7 represents the elements of the
approximate matrix R obtained by the ALS estimator and calculate the prediction relative

MSE (P-ReMSE) for each of the estimators based on one hundred replications, i.e.,

100 2
sl S inere (i — T4)
P-ReMSE(R) = 00 2: \/ (i,j)ere \ij : y |
e (i yere Tii

where ¢ represents the set of missing value locations.

We also evaluate two widely-used metrics in recommender systems: Hit@Q5 and NDCG@10
(score-based version). Hit@5 measures whether the ground-truth item appears in the top-
5 recommendations. NDCG@10 considers both the relevance and rank of recommended
items. Our setting is explicit-feedback ALS for matrix reconstruction without a temporal
dimension; recommendations are produced by ranking predicted ratings for unrated items.
In contrast, classical leave-one-out or temporal split strategies were designed primarily for
implicit-feedback scenarios or time-ordered recommendation scenarios. Randomly selecting
a rating from the test set as the leave-one-out target would not reliably represent an item
that should be recommended in this setting. Therefore, we consider the top 95% of scores
in the test set as the items that are actually recommended. To demonstrate robustness, we
also included complementary experiments under the leave-one-out setting in the Appendix.
The results of four metrics versus different subsample sizes are shown in Fig. 4.

In Fig. 4, we observe that both MSE and PMSE w.r.t. all estimators decrease as r
increases. We also observe that CORE consistently outperforms all other methods by a large
margin on both Hit and NDCG metrics. This observation demonstrates that the proposed
estimator achieves superior accuracy compared to existing methods by effectively leveraging

the information embedded in the rating matrix. In particular, the core-elements approach
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Figure 4: Performance of four methods under different distributions and densities.

ensures that, at each iteration, the estimator remains approximately unbiased and maintains
an approximately minimized estimation variance, thereby conferring a clear advantage over
competing techniques.

To further test the effectiveness of our algorithm, we fix the distribution of U and M,
as well as the density of the rating matrix R. Let A\ € {0.05,0.1,0.15}, referred to L1 — L3.
Note that L1 corresponds to relatively small penalty terms, and L3 corresponds to relatively
large penalty terms. Let implicit vector dimension n; € {40, 50, 60, 70}, referred to I1 — I4.
We investigate the performance of the algorithm under different regularization parameters
and different implicit vector dimensions in Fig. 5. The corresponding running times and
memory consumption are provided in the Appendix.

As shown in Fig. 5, the CORE method still substantially outperforms other sampling
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Figure 5: Performance of four methods under different implicit vector dimensions and regularizations.

methods across all metrics under different implicit vector dimensions and regularizations,

and it matches the performance of the full-sample method even at a small subsampling rate.

5.2 Convergence Performance

In addition to estimation accuracy, we also focus on the convergence speed, as faster conver-
gence requires fewer iterations and thus less computational time. We define convergence as
the point where the iteration error falls below 0.01. Throughout this experiment, the rating
matrix dimensionality is kept fixed, the sparsity is set to 20%, A is fixed at 0.2, and the
implicit vector dimension is set to 60. Figure 6 shows how the ReMSE changes w.r.t the
number of iterations for different algorithms under four subsampling rates.

As shown in Fig. 6, with the increase of the sampling rate, the convergence speed of all
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Figure 6: ReMSE with respect to the number of iterations.

methods accelerates, aligning well with practical expectations. Additionally, we observe that
the convergence speed of the CORE method is consistently close to that of the full-sample

ALS, and it also requires a similar number of iterations.

5.3 Computing Time

Next, we provide the specific runtime of the algorithms. The size of the rating matrix is set
to 5000 x 5000, with the implicit vector dimension being set to 50, and the other parameters
are consistent with those of L1,I1. Because BLEV incurs significant overhead in sampling
processes, it does not lead to a notable acceleration of ALS. Therefore, we only present the
runtime of UNIF here, as its sampling overhead is ignorable. Thus, for the same sampling
ratio, it serves as a lower bound for the algorithm’s runtime. Results are shown in Table 1.

As shown in Table 1, CORE significantly reduces the runtime of ALS at various sampling
ratios, with speeds only slightly slower than UNIF. Due to hardware constraints, we were

unable to scale the matrix size indefinitely. Additionally, to obtain more stable results, we did
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Table 1: Computing time for different methods

Subsampling rate FULL 0.1 0.15 0.2 0.25

CORE - 50.50s  65.82s 75.68s 83.00s
UNIF - 36.65s  50.40s 59.63s 65.14s
ALS 222.03s - - - -

not extract additional samples, since we needed to ensure that the number of sampled rows
exceeded the latent dimension ny, thus avoiding potential singularities in the calculations.
In fact, for very large matrices, the sampling overhead of the CORE method becomes negli-
gible, while the speedup achieved through sparse matrix multiplication becomes increasingly

significant.

6 Real Data Analysis

6.1 Netflix Competition Data

The Netflix Competition Data (Netflix, 2006) stemmed from a large-scale data mining compe-
tition organized by Netflix to identify the most accurate recommender system for predicting
user movie ratings. The training data comprises more than 100 million user ratings, con-
tributed by over 480,000 users for 17,700 movies. Each record is stored as a quadruple (user,
movie, date, rating), where the rating is an integer from 1 to 5. We employ this dataset to

assess the performance of our Core-ALS method.

6.1.1 Estimation Accuracy

Given the huge scale of the original dataset and the memory constraints of our computing

infrastructure, we constructed a reduced yet representative subset by selecting the top 10,000
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users and the top 10,000 movies based on interaction frequency. For each run of our repeated
experiments, 80% of the ratings were randomly sampled to form the training set, while the
remaining 20% constituted the test set. Subsequently, we treat the items in the test set with
ratings greater than or equal to 4 as the true recommendation targets. We evaluated the
performance of all compared methods using four commonly adopted metrics: Relative Mean
Square Error (ReMSE), Prediction ReMSE (P-ReMSE), Hit Ratio at rank 5 (Hit@5), and
Normalized Discounted Cumulative Gain at rank 10 (NDCG@10).

We also evaluate each method under different subsampling rates, regularization parame-
ters, and implicit vector dimensions. We set A = {0.1,0.15,0.2}, referred to L1 — L3 and set
ny = {20, 25, 30, 35}, referred to I1 —I4. Figure 7 shows the relationships between four met-
rics and the subsampling rate under different regularization parameters and implicit vector
dimensions.

As shown in Fig. 7, the ReMSE and P-ReMSE of all methods decrease as the subsampling
rate increases, which is consistent with expectations. Among all methods, CORE consistently
remains closest to the full-sample method. Moreover, as the subsampling rate increases,
CORE exhibits an overall upward trend in both Hit and NDCG metrics, demonstrating its
ability to achieve recommendation performance comparable to the full-sample method. We
have also included additional experiments on the full Netflix dataset in the Appendix to

demonstrate that CORE can effectively handle 100 million interactions.

6.1.2 Computing Time

For a comparison of runtime, we selected ratings from 40, 000 users for 15,000 movies. This
dataset is highly sparse, with only about 1% of non-missing values. The implicit vector
dimension is set to 80, with the remaining parameters consistent with the settings mentioned
earlier.

Although the rating matrix seems large, its extreme sparsity makes its effective size
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Figure 7: Performance of four methods under Netflix data.

comparable to that of the simulation. Consequently, the results obtained by Table 2 are

consistent with those of Table 1.

6.2 Bark Texture Image Data

To illustrate the performance of the Core-ALS method more clearly, we applied it to an image
restoration task. We observed that the ALS algorithm demonstrated superior performance
in restoring low-rank images. Therefore, we selected several images from the bark texture
image dataset (Truong Hoang, 2020) and randomly occluded a subset of pixels in each image.
Subsequently, the masked images were restored using both ALS and CORE algorithms. The
restoration results from ALS and CORE were then compared to assess the accuracy and

effectiveness of the CORE algorithm in the context of image restoration.
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Table 2: Computing time for different methods

Subsampling rate FULL 0.1 0.15 0.2 0.25

CORE - 137.35s 162.51s 185.72s 196.95s
UNIF - 115.37s  145.79s 155.33s 168.70s
ALS 606.15s - - - -

In this experiment, 60% of the pixels in each image were randomly masked. For the
ALS algorithm, the dimensionality of the implicit vector was set to 50, with a regularization
parameter (A) of 0.01 and 5 iterations. The CORE algorithm used a sampling proportion of
0.15, with all other parameters aligned with those of the ALS algorithm. Figure 8 displays
the restoration results for three selected images from the dataset.

As shown in Fig. 8, even with a sampling rate as low as 0.15, the CORE method achieves
image recovery performance almost identical to that of ALS.

In conclusion, for the real data, the test results are in good agreement with our simulation

results, which reflects the effectiveness of our proposed core-elements algorithm.

7 Conclusion

This study has introduced an innovative core-elements method for enhancing the efficiency of
the alternating least squares (ALS) algorithm used in matrix factorization for recommender
systems. The method strategically selects a subset of elements, optimizing computational
resources while maintaining the integrity and accuracy of the model predictions.

Our theoretical analyses establish strong guarantees for the approximation and conver-
gence of the proposed method. These results confirm that the core-elements method not

only retains the predictive power of the full dataset but does so with significantly reduced
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Figure 8: Comparison of bark texture image restoration tasks.

computational overhead. This makes the method particularly useful in settings where com-
putational resources are limited or when dealing with extremely large datasets.

Practical applications using both simulated and real-world datasets have demonstrated
the effectiveness of the core-elements method. In all tested scenarios, the method performed
on par or better than traditional subsampling methods for ALS, especially in terms of compu-
tational efficiency. This was evident in our experiments with the Netflix Prize dataset, where
the core-elements method consistently showed superior performance compared to other sub-
sampling techniques.

This accelerated algorithm has also prompted several potential avenues for future research.

Specifically, determining the optimal hyperparameters that yield the best lower bound for
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acceleration, analyzing the convergence rates under various sampling probabilities, and ex-
ploring richer sampling strategies such as block or row—column hybrid sampling are aspects
that remain unexplored in this study. We anticipate that further investigation will enable
the development of a robust theoretical framework. Additionally, our current method focuses
solely on accelerating ALS in terms of runtime, without improvements in memory usage. Re-
ducing memory overhead is an important direction, and we plan to explore memory-efficient
implementations in future work. Moreover, we aim to extend the accelerated algorithm to
low-rank tensor decomposition. Cheng et al. (2016) applied leverage score-based sampling
methods to this area, but experimental results indicate that such methods are less effective
in matrix factorization, and the computation of leverage scores imposes a considerable com-
putational burden. Therefore, we contend that accelerating core element sampling presents
a promising alternative.

Furthermore, with the advancement of computational tools, we are keen to explore the
application of tensor decomposition to large-scale, real-world data sets, addressing critical

scientific challenges, and furthering our understanding across various research domains.
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